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a b s t r a c t

Vertically aligned carbon nanotube (VACNT) arrays or “forests” represent a promising class of mechan-
ically strong and resilient lightweight materials, capable of supporting large reversible deformation and
absorbing mechanical energy. The mechanical response of VACNT forests to uniaxial compression is
defined by various factors, including the material microstructure, its density, height, rate of deformation,
and the nature of interaction between carbon nanotubes (CNTs) and the compressing indenter. In this
paper, we use a coarse-grained mesoscopic model to simulate the uniaxial compression of VACNT
samples with different densities and microstructures (bundle size distribution and degree of nanotube
alignment) to obtain a clear microscopic picture of the structural changes in networks of interconnected
CNT bundles undergoing mechanical deformation. The key factors responsible for the coordinated
buckling of CNTs, reversible and irreversible modes of deformation in VACNT arrays undergoing uniaxial
compression, as well as hysteresis behavior in VACNT arrays subjected to five loadingeunloading cycles
are investigated in the simulations. The simulation results reveal the important role of the collective
buckling of CNTs across bundle cross-sections as well as a complex deformation behavior of VACNT
arrays defined by an interplay of different modes of bundle deformation. The loading rate and the CNT
attachment to the indenter are found to have a strong effect on the deformation mechanisms and the
overall mechanical behavior of VACNT forests. A good agreement with experimental data from in situ
mechanical tests is observed for the general trends and magnitudes of loss coefficients predicted in the
simulations. The forest morphology can strongly alter the mechanical behavior of VACNT arrays with
nominally the same general characteristics, such as CNT radius, length, and material density, thus sug-
gesting the opportunity for substantial enhancement of the mechanical properties through the micro-
structure modification.

© 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Vertically aligned carbon nanotube (VACNT) arrays, also known
as carbon nanotube (CNT) “forests,” [1] hold significant promise as
mechanically strong and resilient lightweight materials. When
subjected to compressive loading, VACNT arrays exhibit a number
of fascinating properties caused by collective interactions among
CNTs organized into anisotropic networks of bundles, such as col-
lective or coordinate buckling [2,3] leading to the formation of
microscopic wavy patterns on surfaces of the deformed samples
and enabling compression up to 85% strain for thousands of cycles
with almost complete recovery after unloading [2]. The impressive
ability of VACNT forests to withstand repeated loading while
maintaining high uniaxial stress makes them ideally suited for use
as light-weight, energy absorbing materials, cushions, and pressure
sensors [2,4e8]. Compared with conventional low-density foams,
CNT materials often exhibit a superior combination of compressive
strength, recovery rate, fatigue resistance, and sag factor charac-
terizing cushioning quality [2,4,5].

Not all VACNT forests, however, show good resilience, and some
undergo significant plastic deformation after a single loading cycle
[9,10]. A clear understanding of microscopic structural parameters
of anisotropic CNT networks that define the balance between
reversible and irreversible modes of material deformation is
needed for targeted fine-tuning of the mechanical properties
required for engineering applications. CNT diameter and forest
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density have been shown to be among the key factors that define
how well a forest would recover after uniaxial compression [11].
Denser forests consisting of multi-walled nanotubes (MWCNTs)
with large diameters are found to be stiffer and better able to
recover after CNTs form new contacts with each other via van der
Waals non-bonded interactions during compression, resulting in a
better resilience in cyclic loading. The superior resilience of
MWCNT forests can, in part, be attributed to the specifics of
bending buckling deformation, which is characterized by appear-
ance of localized ripples along the outer wall of a MWCNT rather
than buckling kinks observed for single-walled CNTs (SWCNTs)
[12e14]. This results in a strong inter-wall repulsion that acts as a
restoring force for straightening of MWCNTs. Conversely, sparser
forests, especially those consisting of CNTs with fewer walls, are
prone to plastic deformation as the nanotubes irreversibly aggre-
gate during compression. These differences are partially respon-
sible for variability in the magnitude of mechanical properties (e.g.,
modulus of elasticity, modulus of resilience, loss coefficient) of
VACNT forests reported in the literature [5,15e17]. Other important
factors affecting the mechanical response of VACNT forests are the
CNT-CNT contact density and morphology [18,19], CNT surface
roughness [16,20], presence of defects [21,22], and strain rate
[4,10,19,23]. Table 1 provides ranges of elastic properties for
structurally distinct VACNT forests taken from Ref [11]. Therein, the
modulus of resilience is the energy per unit mass that a material
can store elastically. Mathematically, the mass specific modulus of
resilience is defined as the quotient of the square of the yield
strength (syÞ over twice the elastic modulus (E) times the material
density (rÞ, i.e.,

U ¼ s2y
2Er

(1)

A systematic evaluation of factors affecting the mechanical
properties of VACNT forests through in situ tests and ex situ anal-
ysis, however, is hampered by the difficulty of growing VACNT
forests with precisely controlled structural characteristics, as well
as by the large number of structural parameters, such as CNTs
diameter, length, and number of walls, forest density, degree of
alignment, bundle size distribution, porosity, presence of defects
and cross-links, etc., which have to be controlled during the growth
process. Under conditions when it is difficult, if not impossible, to
grow a series of samples with the controlled variation of some of
these structural characteristics while keeping other characteristics
fixed, predictive and reproducible computer simulation presents an
attractive approach to the exploration of the multi-dimensional
space of structural parameters of CNT network materials and
their effect on the mechanical properties.

Faithfully reproducing the multiscale nature of VACNT forests,
from the atomic structure of CNTs to their arrangement into com-
plex networks of interconnected bundles, has been a long-standing
challenge for traditional materials modeling techniques. At the
atomic scale, themolecular dynamics (MD) technique [24] has been
widely used to simulate the mechanical and thermal transport
properties of individual nanotubes, e.g. [25e36], and small groups
of CNTs, e.g., [37e41]. Although the investigation of the properties
of individual nanotubes and their interactions is a necessary step in
the analysis of the behavior and properties of CNT network
Table 1
Typical range of mechanical properties of multi-walled VACNT forests with mass
densities ranging from 0.008 to 0.2 g/cm3 [11].

Yield Strength (MPa) Elastic modulus (MPa) Modulus of resilience (kJ/kg)

0.02e10 1e150 0.03e3.6
materials, macroscopic properties of these materials are defined by
the collective interactions of thousands of nanotubes organized
into a network of bundles. The macroscopic properties, therefore,
cannot be derived directly from the properties of individual
nanotubes and can only be addressed in simulations performed at a
length scale that encompasses a sufficiently large representative
part of the network structure, which is far beyond the capabilities
of the atomistic MD model.

To close the gap between the well-established atomistic
description of individual nanotubes and themacroscopic properties
of CNT materials that can be formulated at the continuum level in
terms of constitutive relationships, a number of mesoscopic
computational models [42e45] capable of simulating the collective
behavior and properties of large CNT ensembles, e.g. [43,46e48],
have been developed. The common features of several alternative
mesoscopic models proposed for CNT materials [42e45] include
the coarse-grained description of nanotubes, where nanotube
segments composed of many atoms are represented by a highly
reduced number of dynamic degrees of freedom. In addition, they
share similar formulations of the internal parts of the mesoscopic
force fields that account for the stretching and bending deforma-
tion of individual nanotubes, and are parameterized based on the
results of atomistic simulations. The different models, however,
adopt very distinct computational approaches for the description of
the non-bonded van der Waals inter-tube interactions.

The first and most straightforward mesoscopic approach to the
description of CNT-CNT interactions is based on the bead-and-
spring model [42], commonly used in coarse-grained simulations
of polymers [49]. In this approach, the van der Waals inter-tube
interactions are modeled through spherically symmetric pair-
wise interactions between mesoscopic nodes representing seg-
ments of nanotubes. Due to its simplicity, the bead-and-spring
model has become a popular choice for mesoscopic modeling of
CNT films [46,50e56] and VACNT arrays [57]. As discussed in
Refs. [43,45,47,58], however, the pair-wise interactions between
the “beads” in the bead-and-spring model introduce large artificial
barriers for relative displacements of neighboring CNTs, which
prevents long-range rearrangements of CNTs required for their self-
assembly into continuous networks of bundles and strongly affects
the structure and mechanical behavior of the CNT materials.

More recently, a “finite beam element”model [6] describing van
der Waals inter-tube interactions by linear elastic bar elements
added at localized “contacts” has been proposed and applied for
simulation of the mechanical behavior of two-dimensional (2D)
CNT forests. Although the model is capable of reproducing some of
the general experimentally observed features of the stress-strain
response of VACNT forests undergoing uniaxial compression, the
2D nature of themodel and the description of CNT-CNT interactions
by strongly localized bonds that cannot be broken in the course of
the forest “growth” or compressive deformation prevent applica-
tion of this model for realistic simulations of structural self-
organization or mechanical properties of the CNT network
materials.

More advanced descriptions of non-bonding inter-tube in-
teractions that do not produce the artificial corrugation of the inter-
tube interactions have recently been developed, namely a meso-
scopic model [43,59,60] based on the distinct element method
[61,62] and a model representing nanotubes as a sequence of cy-
lindrical segments [44] interacting with each other through the
tubular potential method [45]. The latter approach has been
parametrized to provide a realistic description of nonlinear defor-
mation, buckling [47] and mechanical energy dissipation in indi-
vidual CNTs [63], as well as collective heat transfer in CNTmaterials
[38,48,58,64]. This model is briefly described below, in section 2,
and is used in the present paper for simulation of the uniaxial
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compression of VACNT forests. An overview of the computational
samples used in the simulations is provided in section 3 and is
followed by presentation of the results of the simulations. A
detailed discussion of the effect of the mesoscopic structure of the
VACNT forests, compression rate, material density, and the inter-
action of the CNTs with the indenter on the mechanical properties
and deformation behavior of the VACNT forests is provided in
section 4. The results of the simulations of repetitive loading and
unloading of a VACNT forest over five cycles are presented in sec-
tion 5 for two different types of CNT - indenter interactions. Finally,
a summary of the results is given in section 6.

2. Mesoscopic force field model for carbon nanotube
materials

The mesoscopic force field model developed for realistic large-
scale simulations of CNT materials is based on a coarse-grained
representation of individual CNTs as chains of stretchable cylin-
drical segments [44]. The state of each segment is defined by po-
sitions, velocities, and internal temperatures of nodes joining the
neighboring segments [44,45]. The dynamics of a system of inter-
acting CNTs is described by solving the equations of motion of
classical mechanics for the positions of all nodes [44], as well as the
heat transfer equations for the internal thermal energy associated
with the nodes [64,65]. The forces acting on the nodes are calcu-
lated based on a mesoscopic force field that accounts for stretching
and bending deformation of individual CNTs as well as for the van
der Waals interactions among the CNTs.

The potential energy defining the mesoscopic force field is
expressed as U¼Ustr þ Ubnd þ UT-T þ UE, where Ustr and Ubnd

correspond to the strain energies associated with stretching and
bending of individual CNTs, UT-T is the energy of non-bonded inter-
tube interactions, and UE is the energy of interaction between
nanotubes and external bodies. The latter term is used in this work
to represent the substrate as well as the indenter in simulations of
uniaxial compression of VACNT arrays described throughout this
paper. The harmonic parts of the stretching and bending potentials,
Ustr and Ubnd, are parametrized for single-walled CNTs in Ref. [44]
based on the results of atomistic simulations performed with the
reactive empirical bond-order (REBO) potential [66,67]. The de-
scriptions of the transition to the anharmonic regime (nonlinear
stress-strain dependence), axial buckling of CNTs under uniaxial
compression, and fracture of CNTs under tension are included in
Ustr but do not play any significant role under conditions of the
simulations discussed in this paper. The bending buckling is also
accounted for in Ubnd [47] and, in contrast to the axial buckling, is
found to play an important role in the compressive deformation of
VACNT forests.

The inter-tube interaction term UT-T is calculated based on the
tubular potential method [45] that provides a non-corrugated
description of relative sliding of nanotubes and accurately re-
produces the van der Waals interactions between CNT segments of
arbitrary lengths and orientation. The tubular potential is param-
etrized based on an interatomic potential for nonbonded in-
teractions between carbon atoms used in the adaptive
intermolecular REBO (AIREBO) potential [68] and is found to
reproduce the predictions of the atomistic representation of the
inter-tube interactions with high accuracy at a small fraction of the
computational cost [45]. The mesoscopic force field does not
include an explicit description of friction forces related to the
relative displacement of tubes with respect to each other, as these
forces are too weak to prevent room-temperature rearrangements
of defect-free CNTs [69,70]. The contribution to the static friction
forces originating from the changes in the inter-tube interaction
area, however, is fully accounted for in the mesoscopic model.
Experimental measurements and simulations of the sliding force
required to pull an inner tube from an outer one in a MWCNT [71]
and the static friction between two highly crystalline double-
walled CNTs and MWCNTs [45,70] reveal that the friction force is
independent of the overlap area and its magnitude is comparable to
that expected from the changes in the inter-tube interaction area.
Atomistic simulations predict that the oscillating force originating
from the atomic-scale corrugation of the inter-tube potential is
more than two orders of magnitude lower that the force related to
the decrease in the surface area of van der Waals interaction [71]
and cannot be expected to make any significant contribution to the
static friction [71,72]. As a result, the force required to pull out a
nanotube from a bundle of pristine defect-free nanotubes is similar
in the mesoscopic and atomistic simulations and is defined by the
energy needed to create new surface [72,73]. For (10,10) CNTs
considered in the present study, the CNT-CNT interaction energy is
~1 eV/nm [45,74], and the corresponding pullout force from a
bundle is ~1 nN. The presence of defects, functional groups, and
chemical cross-links can significantly increase the strength of the
shear interactions between nanotubes [72,73], but these effects are
not considered in the present study.

The model is implemented in a parallel computer code designed
for large-scale simulations of CNT samples with dimensions of up to
several micrometers. The initial applications of the mesoscopic
model have demonstrated the ability of the model to reproduce the
self-organization of CNTs into continuous networks of bundles
[45,47,75] with structural characteristics similar to the ones
observed experimentally, revealed the critical role the bending
buckling of CNTs plays in stabilization of the network structures
[47], and provided important insights into the structural depen-
dence of the thermal transport properties of the CNT network
materials [48,58,64,65]. In this work, we apply the mesoscopic
model for investigation of the structure e properties relationships
in VACNT forests subject to uniaxial compression. The computa-
tional samples used in the simulations are briefly described below.

3. Computational samples of VACNT forests

The generation of computational samples for mesoscopic
modeling of the mechanical compression and recovery of VACNT
forests is done with a recently developed method described in
Ref. [75]. The method involves generation of an initial sample
composed of straight nanotubes inclined with respect to the axis of
the CNT forest, followed by a high-temperature annealing per-
formed in a mesoscopic dynamic simulation which leads to the
structural self-organization of CNTs into an interconnected
network of CNT bundles. The choice of the maximum angle of the
initial inclination of nanotubes with respect to the direction of
preferred CNT alignment is found to provide a high degree of
control over the structure of computational samples, thus enabling
the generation of microstructurally distinct VACNT forests with
tunable bundle thickness distribution and degree of nanotube
alignment.

The three samples used in the present study are composed of
(10,10) single-walled CNTs (SWCNTs) with a diameter of 1.357 nm
[45], typical for SWCNT forests grown by chemical vapor deposition
(CVD) [76e80]. The CNTareal density (i.e., the number of nanotubes
per unit area of the substrate) of experimental samples exhibits a
large, orders of magnitude, variability [76e79] and, in order to
explore the effect of density on themechanical properties of VACNT
forests, computational samples with different areal densities are
considered. The first two samples, designated as FA and FB, have the
same density 0.02 g/cm3 (areal density of 6.09� 1011 CNT/cm2) but
differ in their microstructure. The CNTs of FA are highly oriented
and form smaller bundles as compared to FB, where CNTs are
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poorly oriented but arranged into thicker bundles. The third sam-
ple, designated as FC, has a five times higher density of 0.1 g/cm3

(areal density of 3.05� 1012 CNT/cm2). Its bundles are much thicker
than those of FB, and its nanotubes are moderately inclined. For
each sample, Table 2 provides details on the density, average CNT
segment tilt, average bundle size, maximum bundle size, and

magnitude of the Herman orientation factor (HOF) defined as S ¼

1
2

�
3hcos2 qi� 1

�
, where q is the local angle between a nanotube

segment and the vertical axis and 〈 … 〉 denotes averaging over all
CNT segments in a sample. The HOF quantifies the extent of the
orientation of nanotubes with respect to an axis of interest, and
ranges from�0.5 to 1, where values of �0.5, 0, and 1 correspond to
perpendicular alignment, isotropic orientation, and parallel align-
ment with respect to the axis, respectively. The bundle size is
defined locally as the number of CNTs in a bundle cross-section, and
a CNT is considered to be a part of a bundle if it is within the range
of inter-tube interaction potential from any other nanotube in a
bundle.

For all of the computational samples, the length of CNTs is fixed
at 200 nm, periodic boundary conditions are applied in the lateral
directions (parallel to the surface of the substrate), and the lateral
size of the computational system is chosen to be 200� 200 nm2 to
ensure that the mechanical behavior of the computational samples
is not affected by the periodic boundary conditions. Although
200 nm is relatively short as compared to multi-micron-long
samples typically used in experimental studies [2e4,81,82], we
find that the stress-strain response and deformation behavior
observed for VACNT forests in laboratory compression tests are
reproduced in the simulations performed with the short forests. At
the same time, the use of the relatively small computational sys-
tems allows us to perform a comprehensive parametric study of the
dependence of deformation behavior and mechanical response of
the computational VACNT forests on (1) the sample density and
microstructure, (2) rate of compressive deformation, and (3) nature
of the CNT - indenter interaction. Such systematic study would not
be feasible for longer CNTs (and correspondingly larger lateral di-
mensions of the computational samples) due to the high compu-
tational cost of the simulations. Indeed, for a 200� 200� 200 nm3

coarse-grained VACNT forest consisting of 248 nanotubes repre-
sented by approximately 25,000 dynamic elements (samples FA
and FB), 1 ns of simulated time with a time step of 10 fs takes
approximately 12 wall-clock hours on 16 standard compute nodes
of Comet supercomputer at the San Diego Supercomputer Center
[83] accessed through the Extreme Science and Engineering Dis-
covery Environment (XSEDE) [84]. Given that a simulation of a
uniaxial compression down to the engineering strain of 0.8 with an
indenter velocity of 10m/s takes 16 ns, running a large number of
simulations for systems composed of longer tubes would put a
significant strain on the available computational resources. Instead,
we address the effect of CNT length on themechanical properties of
VACNT forests by performing a smaller number of simulations for
Table 2
Statistical information on structural parameters of three computational forests used
in the simulations of compressive deformation reported in this paper. The density r,
average tilt of CNT segments 〈q〉, average bundle size hNBi, maximum bundle size
Nmax
B , and Herman orientation factor HOF are listed for computational samples FA,

FB, and FC.

Sample r ðg=cm3Þ 〈q〉 hNBi Nmax
B HOF

FA 0.02 5.6� 4 10 0.96
FB 0.02 20.5� 10 36 0.73
FC 0.1 16.4� 108 315 0.83
forests composed of longer CNTs. The results of these simulations
will be reported elsewhere.

All simulations reported in this paper are performed at a con-
stant temperature of 300 K, enforced by the Berendsen thermostat
algorithm [85]. The stresses are calculated from the total force that
the forest exerts on the indenter. The engineering strain is defined
with respect to the length of the CNTs within the forest (i.e.,
200 nm), rather than the maximum initial forest height, which is
shorter than 200 nm by less than 1%. For the convenience of rep-
resentation of stress-strain dependences for VACNT forests under-
going compressive loading, we adopt a sign convention where the
stress is positive in compression, and present the magnitude of the
engineering strain as a positive quantity.

4. Uniaxial compression of VACNT forests

In this section, we discuss four sets of simulations of the uniaxial
compression of forests FA, FB, and FC. In the first three subsections,
the VACNT forests are not attached to the indenter, rather inter-
acting with it in a purely repulsive manner. The role of the meso-
scopic structure of the forest, rate of compression, and density of
the material are analyzed in the first three subsections. In the last
subsection, the effect of the CNTe indenter interaction is addressed
based on the results of additional simulations in which the top
parts of the CNTs are attached to the indenter.

4.1. Role of microstructure

In our first set of simulations, we consider forest samples FA and
FB, which have the same density and differ only by their structural
characteristics (i.e., thickness of the bundles and CNT inclination, as
seen in Table 2). Both forests are compressed at an indenter velocity
of 10m/s, corresponding to a deformation rate of 5� 107 s�1 for
these 200-nm-long VACNT forests. Note that 10m/s is a relatively
fast velocity compared to the ones typically used in experiments,
1e1000 nm/s. While matching the experimental deformation rates
in our simulations is not feasible due to computational limitations,
the stress-strain curves obtained in the simulations are in a
reasonable semi-quantitative agreement with experimental ob-
servations, suggesting that further reduction of the deformation
rate is unlikely to result in major changes in the deformation
mechanism. Indeed, the analysis of the dependence on the defor-
mation behavior on the rate of compression reported in section 4.2
reveals substantial changes in the shape of stress-strain curves
upon the reduction of the indenter velocity from 50m/s to 20m/s,
and only moderate quantitative changes upon further decrease of
the velocity to 10m/s.

Snapshots from the two simulations are shown in Fig. 1, where
nanotube segments adjacent to the buckling kinks are colored red.
In both cases, the top parts of the nanotubes form a dense layer
right below the indenter. As the indenter presses down on the
forest, the nanotubes reorganize themselves to fit into the smaller
volume. Ideally, the dense packing of CNTs would correspond to a
horizontal, close-packed alignment of nanotubes along the sub-
strate. However, the attachment of the nanotubes to the substrate
limits the CNT rearrangement and activates multiple modes of the
forest deformation. One scenario occurs when the CNTs fold over in
a coordinated fashion from the base of the forest at a height where
many CNTs coalesce into thick bundles. The CNTs move together
when bundled, and this deformation mechanism is favored when
the nanotubes belong to the thicker, less oriented bundles of FB.
This deformation mode, referred to here as “folding” (the bundles
fold over at their bases) is illustrated in a snapshot shown for FB
compressed to 0.6 strain (Fig. 1b). Another possible response of CNT
bundles to the compression is lateral deflection along its height, or



Fig. 1. Snapshots from simulations of uniaxial compression of computational samples FA (a) and FB (b) up to a maximum strain of 0.8 with an indenter velocity of 10m/s. From top
to bottom, the strain is 0.2, 0.4, 0.6, and 0.8. The CNT segments adjacent to buckling kinks are colored red. Two bundles exemplifying the bowing and folding modes of deformation
are outlined by blue dashed lines in the snapshots for 0.6 strain in (a) and (b), respectively. (For interpretation of the references to color in this figure legend, the reader is referred to
the Web version of this article.)
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bowing outward from the initial axis of the bundle. This deforma-
tion mode, referred to herein as “bowing,” is observed for thinner,
more oriented bundles, and is exemplified in a snapshot shown for
FA at 0.6 strain in Fig. 1a. Although both folding and bowing
deformation modes can be identified in each of the two compu-
tational samples in Fig. 1, the prevalent deformation mode is
defined by structural characteristics of the samples. In particular,
the smaller, more oriented bundles of FA tend to bow outward near
the indenter head, while the larger, less oriented bundles of FB tend
to fold near the base of the forest.

Turning our attention to the bending buckling of the nanotubes,
visual analysis of Fig. 1 suggests that at a strain of 0.6 or higher CNT
buckling is more prevalent in sample FA as compared to FB, and
that the additional buckling appearing at later stages of compres-
sion is muchmore localized. In fact, FA has approximately 50%more
buckling kinks than FB at a strain of 0.6, and more than double the
number of buckling points of FB at a strain of 0.8. This difference
can be attributed to the prevalent modes of deformation discussed
above for the two samples. When bundles bow out in FA, bending
stress concentrates in localized regions of the bundles, leading to
the collective buckling of many nanotubes across the correspond-
ing bundle cross-sections. A clear example of this localized collec-
tive buckling can be seen in the upper part of the bundle outlined in
a snapshot shown for 0.6 strain in Fig. 1a. The folding mode of
deformation characteristic of FB differs in that the bending stress
resulting from compression is localized at the base of the forest, and
the curvature in the upper portions of thick bundles does not reach
the level required to induce bending buckling [47].

Note that neither FA nor FB exhibit the ubiquitous periodic
buckling observed in experimental studies of the compression of
VACNT forests [2,3,10,86] characterized by the buckling instability
extending across the whole sample thickness and producing an
accordion-like wavy pattern, distinct from the natural wrinkling
observed during the compression of a sheet [87]. According to the
classical Euler-Bernoulli beam theory [88], the critical stress at
which a column under compression deflects laterally is inversely
proportional to the square of its height. Hence, the difference in the
nanotube length between the computational samples and many of
the CVD-grown forests can be partly responsible for the absence of
the repeated coordinated buckling in the computational forests
[89]. Another important factor is the pristine nature of the
computational samples, which do not have any defects or density
variation along the vertical axis. Defects and the density gradients
have been found to play a key role in the onset of coordinated
buckling. In particular, the coordinated buckling often starts near
the base of the forest, where the density can be lowest [4,10,81,86],
and CNT diameter may be smaller [11]. Our samples do not have
such types of preferential nucleation sites, and hence periodic
buckling may be suppressed. Finally, the periodic boundary con-
ditions applied in the lateral directions eliminate free surfaces on
the sides of the samples and prevent the surface nucleation of the
buckling instability [2,3,10].

The measurement of the stress-strain relationship is a common
way to evaluate the mechanical properties of the VACNT forests.
The stress-strain response of VACNT forests is usually similar to that
of conventional foam-like materials and is characterized by three
distinct regimes, as illustrated by Fig. 2c [86]. The initial deforma-
tion proceeds in an elastic regime characterized by a sharp increase
in stress without noticeable structural changes in the material.
After the initial buckling event, which can involvemultiple bundles,
the stress drops, giving way to the plateau regime. For VACNT
forests, the plateau regime is often characterized by a corrugated,
upward trending stress-strain response produced by repeated,
localized, coordinated buckling occurring along the height of the
forest. Buckling occurring in this regimemay be either reversible or
irreversible, depending on the CNT types and structural charac-
teristics of the forest. Finally, at high strains, the forest cannot
readily deform via soft bending and buckling modes, and the



Fig. 2. Stress-strain dependences obtained in the simulations of uniaxial compression of computational samples FA (a) and FB (b) with an indenter velocity of 10m/s, and a typical
experimental stress-strain curve measured for a VACNT forest (adapted from Ref. [86]) (c). The white, blue, and red shaded regions in (a) and (b) correspond to the elastic, plateau,
and densification regimes of the compressive deformation, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version
of this article.)
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densification regime characterized by material stiffening is
reached. It is important to note that the terms “elastic,” “plateau,”
and “densification” do not necessarily correspond to a particular
mode of deformation and are herein used to denote the stress-
strain response only. For instance, the deformation occurring in
what we term the elastic region is not necessarily entirely revers-
ible due to the metastable nature of the VACNT samples. The elastic
modulus and the yield strength used for characterization of the
“elastic region” of stress-strain dependence are formally defined
here as the slope of the initial stress increase and the maximum
stress of the “elastic peak,” respectively.

The stress-strain curves obtained in the simulations performed
for samples FA and FB are shown in Fig. 2a and b, respectively.
Comparing these plots to Fig. 2c, we see that the three character-
istic deformation regimes are clearly present. Following the un-
shaded elastic regime, two shaded regions identify the plateau
(blue), and densification (red) regimes, which were visually dis-
cerned. Despite the much shorter length of the nanotubes and
differences in the CNT types and deformation conditions, the
magnitude of the stress response is in a good agreement with the
experimental results, especially for the loading of sample FB. This
semi-quantitative agreement suggests that the simulations capture
the main deformation mechanisms that define the shape of the
stress-strain curves under compressive loading. Interestingly,
although the collective buckling of individual CNT bundles does not
lead to the lateral propagation of the buckling instability through
the computational samples (Fig. 1), the low stress plateau regime is
still reproduced in the simulations, suggesting that the macro-scale
periodic buckling of the forest is not the main cause of (or a
necessary condition for) the flat low-stress region of the stress-
strain dependence.

When drawing an analogy between the stress-strain behavior of
VACNT arrays and cellular foams, it is prudent to differentiate two
types of mechanical response of foam structures. Most common
open and closed-cell foams exhibit bending-dominated behavior
characterized by bending of the cell walls during deformation,
whereas the cell walls stretch in foams exhibiting stretching-
dominated deformation response [90]. From a mechanical stand-
point, the bending-dominated foams are compliant but well suited
for energy absorption applications due to their extended and flat
plateau stress regime, while the stretching-dominated foams have
a large elastic peak followed by post-yield softening, and are
generally quite stiff [91]. Although the deformation mechanisms of
conventional cellular foams and VACNTs are not directly compa-
rable, there are still some interesting parallels between the stress-
strain responses of each type of material. The large spike in the
elastic stress of sample FA (Fig. 2a) is similar to that of a stretch-
dominated structure, whereas sample FB (Fig. 2b) behaves more
like a bending-dominated foam structure. The analogy between the
mechanical response of foams and VACNTs are further discussed in
section 4.2, where the role of the deformation rate is considered.

In the initial elastic responses of the two samples, FA has a larger
yield strength (1.66MPa) and elastic modulus (284MPa) as
compared to FB (0.44MPa and 8.67MPa yield strength and elastic
modulus, respectively). The reason for the more robust elastic
response of sample FA is that a greater fraction of vertically-
oriented nanotubes undergoes a substantial axial compression
before the onset of bending and buckling. This is evidenced by a
spike in the CNT stretching energy shown in Fig. 3b at the initial
stage of compression, occurring at the same strains where the
elastic stress reaches its peak values (Fig. 2a). The plots of the
bending, axial, and inter-tube interaction energies shown in Fig. 3
for sample FA compressed at 10m/s are qualitatively quite similar
to those of sample FB (not shown), except for the absence of the
pronounced axial stretching energy peak at low strains.

The initial part of the plateau regime, below 0.4 strain, is similar
for forests FA and FB, although the average stress is somewhat
lower for sample FB, Fig. 2a and b. At this stage of the deformation,
the CNTs in both samples are able to shift themselves into low
resistance configurations with relative ease. At higher strains,
above 0.4, the difference between the stress-strain responses of
forests FA and FB becomes apparent, as the stress exhibits a sub-
stantial increase for FA but remains fairly level for FB. This differ-
ence can be related to the distinct dominant deformation modes
exhibited by the two samples. The buildup of stress in FA is
attributed to the higher resistance bowing deformation, whereas
the softer folding deformationmode allows for a fairly level plateau
stress. At 0.6 strain, the bundles in FA are heavily bowed along their
entire height (Fig. 1a). Bending becomes pronounced along the
height of the entire forest rather than being mainly confined at the
base of the nanotubes and near the indenter, as reflected by the
proliferation of buckled segments. In the case of FB, the bending of
CNTs takes places through folding at the base (Fig. 1b), and this
mechanism does not fundamentally change with increased strain,
resulting in a relatively level stress throughout the plateau regime.
As strain increases to 0.6 for sample FA, a small dip in stress is
observed as bending buckling once again becomes more localized
(see Fig. 1). As a result, the bending energy concentrates in small
regions along the lengths of the CNT bundles and less force is
exerted on the indenter, causing the overall drop in stress.



Fig. 3. Plots of the changes in (a) bending, (b) axial stretching, and (c) inter-tube interaction energies per nanotube in sample FA undergoing compression at an indenter velocity of
10m/s.
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Finally, at strains above ~0.85, the densification regime begins,
marked by the sharp increase in stress. During this final stage of
compression, CNTs within the forest become increasingly bent and
packed so that they cannot significantly rearrange themselves to
reduce stress. The bending energy begins to quickly increase in the
densification regime and the CNT interaction energy starts to level
(Fig. 3), reflecting the increased constraints on the nanotube
rearrangements.

We conclude this section by noting that the characteristic three
stage stress-strain response observed experimentally for VACNT
forests is reproduced for both forests FA and FB, and that their
elastic stress responses fall well within the range reported for in situ
uniaxial compressions. The two samples of the same density but
different bundle thickness and orientation discussed in this section
exhibit similar sequence of compressive deformation regimes,
while the average plateau and densification stresses are larger in
the sample with smaller, more oriented CNT bundles.
4.2. Role of compression rate

The effect of the compression rate on the mechanical response
of uniaxially compressed VACNT forests has been a subject of recent
investigations [4,10,19,23]. Faster compression has been linked to
higher resilience, stiffness, and energy dissipation [4,10,19,92,93].
Moreover, slowly compressed forests are found to undergo per-
manent buckling, while forests subjected to rapid compression
exhibit better recovery [4,19]. It is speculated that under conditions
of fast loading the multi-walled CNTs are unable to reorganize
themselves into the locally buckled structures that form, in a largely
irreversible manner, when the forests are loaded more slowly.
Furthermore, the stress peak in the elastic regime is observed to
broadenwith strain rate, and the shape of the stress undulations in
the plateau regime evolves from smooth sinusoidal oscillations to
much shaper sine-squared modulations at greater strain rates [10].

To better understand the effect of the compression rate on the
mechanical properties of VACNT forests, we repeat the simulations
presented in the previous section at higher indenter velocities of 20
and 50m/s (deformation rates of 108 and 2.5� 108 s�1,
Fig. 4. Snapshots of sample FB compressed at indenter velocities of (a)
respectively). A snapshot showing sample FB at 0.6 strain is pre-
sented for each of the three loading rates in Fig. 4, with the cor-
responding stress-strain curves shown in Fig. 5. Analysis of the
snapshots indicates that the increase in the loading rate shifts the
dominant deformation mechanism from the “folding” to the
“bowing” type (refer to Fig. 1), and that the bundles coarsen less
during the shorter deformation time corresponding to the higher
compression rates. The latter observation is quantified by the plots
of the average bundle thicknesses shown in Fig. 6 for each of the
three compression rates. The unstrained sample FA has a smaller
average bundle thickness than unstrained sample FB and exhibits
greater bundle coarsening with strain. However, at all but the
slowest loading rate, the average bundles thickness in sample FA
does not exceed the average bundle thickness of sample FB. By and
large, a decrease in the compression rate leads to amore substantial
coarsening of the bundles. This effect is particularly evident for
forest FA, whereas the strain effect is less pronounced for sample FB
(Fig. 6). The observed trends can be explained by the greater
amount of time available for nanotube rearrangement into thicker
bundles at slower deformation rates, as well as by a more sluggish
rearrangement of the thicker bundles initially present in the un-
strained sample FB.

Turning our attention to the stress-strain curves shown in Fig. 5,
we notice that the general shapes of the curves are qualitatively
similar for the two slower compressions, but that at 50m/s the
stress and its slope are more strongly affected by the loading rate.
This trend of increasing material stiffness results from the nano-
tubes having insufficient time to reorganize themselves into low
energy configurations as the compression rate increases. In FA, the
increase in the yield strength (up to 7.21MPa at 50m/s) is partic-
ularly pronounced due to a more significant axial compression of
the CNTs at the initial stage of the deformation (see the corre-
sponding discussion in section 4.1). The increase in the strain rate
also results in an increase in the modulus of resilience, which
characterizes the maximum energy that can be absorbed in the
elastic regime, see equation (1). Even at the higher strain rates,
however, the values of the modulus of resilience calculated for
samples FA and FB each fall within the broad range of
10m/s, (b) 20m/s, and (c) 50m/s to an engineering strain of 0.6.



Fig. 5. Stress-strain response of samples FA (aec) and FB (def) compressed at indenter velocities of 10m/s, 20m/s, and 50m/s. The corresponding strain rates are 5� 107, 108, and
2.5� 108 s�1.

Fig. 6. The evolution of the average bundle thickness in samples FA and FB compressed
with indenter velocities of 10, 20, and 50m/s up to 0.8 engineering strain.
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experimentally measured values listed in Table 1.
Continuing with the analogy to cellular foams discussed in

section 4.1, the changes in the stress-strain curve with increasing
strain rate observed in the simulations can be related to a shift from
the bending-dominated to stretching-dominated mechanical
response of foams. Not only does the elastic stress increase, but a
post-yield softening regime becomes more apparent at higher
strain rates, which is also observed in in-situ compression experi-
ments for CNT forests [10]. Hence, depending on the rate of
compression, VACNT forests could adopt the mechanical behavior
of both stretching- and bending-dominated foam structures. The
broadening of the stress peak characterizing the post-yield soft-
ening arises at higher compression rates due to the reduced time
that the CNTs have to reorganize themselves in a way that mini-
mizes stress on the indenter, resulting a more gradual reduction of
stress with strain.

The compression rate also affects the stress response in the
plateau regime, where the plateau becomes shorter and gives way
to the rising stress as the rate of the deformation increases (Fig. 5).
This effect can be explained by the limitations on the deformation
paths the nanotubes can take during compression at higher loading
rates. Although bending buckling of the nanotubes mitigates the
stress in the plateau regime, the slower compression enables the
nanotubes to rearrange themselves so that bending energy is
further minimized. The change in the plateau regime has important
implications for energy absorption, where an ideal energy absorber
is characterized by a flat and long plateau stress. The results of the
simulations suggest that the loading rate may strongly influence
energy absorption properties of VACNT forests.

4.3. Role of forest density

The areal density of a VACNT forest is an important parameter
that directly affects the structural characteristics of the network of
bundles generated during forest growth [94]. The balance between
the inter-tube interaction energy and bending energy of CNTs,
which defines the propensity of nanotubes to join the bundles or
form interconnects between the bundles, is to a large extent
defined by the areal density of the CNT array. To investigate the
effect of the areal density on the structural characteristics and
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mechanical properties of the CNT forests, we prepared sample FC
with a density of 0.1 g/cm3, or five times that of samples FA and FB
used in the simulations discussed in the previous two sections. The
structural characteristics of sample FC can be found in Table 2.
Notably, while the values of structural parameters characterizing
the degree of CNT alignment, 〈q〉 and HOF, place sample FC in be-
tween samples FA and FB, the average and maximum bundle sizes,
〈NB〉 and Nmax

B , are much larger than those in the lower-density
forests.

The dense forest is compressed at indenter velocities of 10, 20,
and 50m/s, with snapshots for the slowest and fastest compres-
sions provided in Fig. 7. Like the lower-density sample with thicker
bundles (sample FB), the bundles of nanotubes in sample FC tend to
move in a coordinated way when compressed, with the bundles
folding near the substrate. The folding of the bundles becomes less
coordinated with increasing deformation rate, and a progressively
larger number of bundles undergo bowing deformation. Similar to
the simulations discussed in section 4.2, the contribution of the
bowing deformation mode leads to higher stresses at all stages of
the deformation.

The stress-strain plots obtained for sample FC and shown in
Fig. 8 are qualitatively similar to those predicted in simulations for
sparser forests (Figs. 2 and 5). Remarkably, many of the quantitative
characteristics of the mechanical response of sample FC are also
comparable to those of the samples with five times fewer CNTs. In
particular, the yield strength and elastic modulus calculated for
sample FC are similar to those of sample FA when the simulations
performed at the same compression rate are compared. The yield
strength increases by a factor of less than two from FA to FC, and the
elastic modulus differs between the two forests by less than 20% for
the same loading rate. These observations can be explained by a
greater average inclination of CNTs in sample FC as compared to
sample FA (see Table 2). The more inclined nanotubes offer less
resistance to the indenter during the elastic stage of the compres-
sion, since they deform predominately by bending rather than by
Fig. 7. Snapshots from simulations of a computational sample FC compressed at indenter ve
the strain is 0.2, 0.4, 0.6, and 0.8. The CNT segments adjacent to buckling kinks are colore
referred to the Web version of this article.)
axially compression, which was identified in section 4.1 as the
source of the initial spike in the stress-strain curve.

The plateau stress evolves similarly between samples FA, FB, and
FC at both low and high compression rates. Although the slopes and
magnitudes of the plateau stresses of all three samples are com-
parable at 10m/s, the slope of the stress increases more rapidly
with the deformation rate for sample FC. An explanation comes
from the decreased nanotube mobility in the denser forest, where
CNTs tend to belong to thick bundles and are largely compelled to
deformwith the original parent bundles. As a result, the nanotubes
cannot reorganize themselves via low energy bending and localized
buckling deformations as much as they do so in sparser forests with
smaller bundles.

At the final stage of the compression, a sharp increase in stress
signifies the transition to the densification regime (see Fig. 8).
Similar to the simulations discussed in preceding sections, the
sharp rise in the magnitude of the stress in this regime does not
appear to be related to CNT crowding and repulsion between the
nanotubes, since the inter-tube interaction energy decreases until
the end of the simulation. Instead, at the high strains, the localized
bending of the thick bundles becomes extreme, resulting in a large
force against the indenter (see snapshots for 0.8 strain in Fig. 7). At
larger strain rates, the picture differs slightly, as the tubes start to
buckle further away from the base (e.g., see snapshot for 0.6 engi-
neering strain in Fig. 7b) and bending is distributed more uniformly
along the nanotubes. In each case, the higher density and thicker
bundles of FC result in a large rise in stress at lower strains
compared to the sparser forest samples.

4.4. Role of CNT interaction with indenter

In all simulations discussed above, the interaction of CNTs with
the indenter is assumed to be purely repulsive, presenting no
barriers for lateral sliding (zero traction) of CNTs with respect to the
indenter. In real compression experiments, however, there is
locities of (a) 10m/s and (b) 50m/s up to a maximum strain of 0.8. From top to bottom,
d red. (For interpretation of the references to color in this figure legend, the reader is



Fig. 8. Stress-strain response of sample FC compressed at indenter velocities of (a) 10m/s and (b) 50m/s. The corresponding deformation rates are 5� 107 and 2.5� 108 s�1. Note
the twice larger scale of the stress axis used in (b).
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generally at least some attractive interaction between the CNTs and
the indenter (either non-bonding or chemical). In other words, the
adhesion between the nanotubes and the indenter can manifest
itself in an attractive force resisting the indenter pull off from the
VACNT forest during unloading of a compressed sample [92,95].
One can also expect that the constraints on the lateral slip of the
nanotubes with respect to the surface of the indenter is likely to
affect the deformation behavior, particularly for short forests sub-
jected to compression. To gain insights into the effect of the inter-
action between the CNTs and the indenter on the mechanical
characteristics of VACNT forests undergoing compressive defor-
mation, a series of simulations is performed for samples where the
top segments of the nanotubes located within 10 nm from the
indenter are permanently affixed to the intender. These segments
move together with the indenter during the compression and have
no rotational freedom. The CNTs that have their top ends falling
below the 10 nm cutoff distance from the indenter in the initial
sample do not “stick” to it even if they get closer to the indenter
during the deformation and are not affected by this boundary
condition. Since the tops of many of the nanotubes are effectively
“glued” to the indenter, we, shorthanded, refer to these simulations
as “glue” simulations, while the simulations where the tops of the
CNTs are not attracted to the indenter are referred to as “free”
simulations.

The first set of glue simulations is performed for sample FA and
is illustrated by snapshots shown for indenter velocities of 10 and
50m/s in Fig. 9. Here, the nanotubes cannot deform via the folding
deformation mode and, even at the slowest strain rate, the defor-
mation proceeds through bowing of the CNT bundles. Similar to the
free simulations performed for low-density samples FA and FB (see
Figs. 1 and 4), bending deformation of the top parts of the CNTs
leads to the formation of a dense layer adjacent to the indenters.
However, since the nanotubes cannot slide along the indenters in
the glue simulations, bowing of CNT bundles readily results in
localized regions of collective bending buckling along the height of
the bundles. This effect is particularly noticeable in Fig. 9a, where
most of the CNT bundles feature well-defined regions of localized
buckling (red CNT segments) at 0.6 engineering strain. In contrast,
snapshots of the analogous free simulation, where CNTs interact
repulsively with the indenter, show a lesser degree of buckling kink
localization within the bundles (Fig. 1a). Moreover, some of the
bundles in the glue simulations are observed to undergo higher-
order bending producing “S” shaped, serpentine bundle shapes,
such as the one outlined by dashed curves in a snapshot shown for
0.2 strain in Fig. 9b. The formation of such bending modes requires
significantly higher loads and is not observed in simulations per-
formed with the free tops of CNTs.

To make the connection between the boundary conditions
applied to the nanotubes at the location of the indenter, we can
turn for a qualitative guidance to the classical Euler-Bernoulli beam
theory [88], which predicts the following expression for the critical
load, or maximum stress, that a column can withstand without
buckling:

Pcr ¼ n2 p2 Ebnd I

ðKLÞ2
(2)

where Ebnd is the bendingmodulus, I is themoment of inertia about
the axis of buckling, L is the length of the column, n is the column
buckling mode, and K is an effective length factor defined by the
boundary conditions applied at the ends of the column. The theory
behind this equation has been successfully applied to the investi-
gation of buckling [96e98] and wave propagation [99,100] in CNTs.
Due to the complex structure of CNT bundles and their attachment
to the substrate and the indenter, however, the classical beam
theory can only be used for general qualitative guidance in the
analysis of the deformationmodes of bundles in VACNT forests. It is
also important to distinguish the column buckling of a CNT bundle,
which simply refers to the onset of its lateral deflection, from the
buckling of a CNT, which is associated with an abrupt change in the
shape of the nanotube cross-section and a drop in the resistance of
nanotubes to bending at a critical radius of local curvature [47].

Two immediate conclusions one can draw from equation (2) are
(1) the higher level of stresses needed for activation of higher order
column buckling of CNT bundles (n� 2) leading to the appearance
of serpentine-shaped bundles and (2) the increased likelihood that
such higher levels of stresses can be generated under conditions
when the upper segments of the nanotubes are fixed (the coeffi-
cient K decreases from 2 for a column with no constraints on the
motion of rotation and lateral translation of the upper end to 0.5 for
a column with fixed end segments of the column). Assuming that
equation (2) can be applied to the description of bending of CNT
bundles under compression, we can expect to see much higher
stresses at the initial stage of the deformation in the glue simula-
tions, where both ends of the CNTs are fixed ðK ¼ 0:5Þ, as compared
to the free simulations, where the tops of the CNTs are free to rotate
and deflect laterally ðK ¼ 2Þ.

Examination of the stress-strain curves from the glue



Fig. 9. Snapshots from “glue” simulations of sample FA compressed at indenter velocities of (a) 10m/s and (b) 50m/s up to a maximum strain of 0.8. From top to bottom, the strain
is 0.2, 0.4, 0.6, and 0.8. The tops of the nanotubes are attached to the indenter, and the CNT segments adjacent to buckling kinks are colored red. A bundle exemplifying the higher-
order serpentine bending of CNT bundles is outlined by blue dashed lines in the snapshots for 0.2 strain in (b). (For interpretation of the references to color in this figure legend, the
reader is referred to the Web version of this article.)

Fig. 10. Stress-strain response for sample FA compressed at indenter velocities of (a) 10m/s and (b) 50m/s, with the tops of the nanotubes attached to the indenter.
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simulations (Fig. 10) reveals that elastic yield strength is much
higher for sample FA here as compared to the casewhere there is no
traction between the indenter and the nanotubes (Fig. 2a). The
compression rate dependence of the yield strength in the glue
simulations follows the upward trend, similar to that discussed in
section 4.2 for simulations where the CNTs are unattached to the
indenter. The elastic modulus, however, decreases from 2.4 GPa at
10m/s to approximately 1.9 GPa at both 20m/s and 50m/s. The
drop in the elastic modulus is in contrast with the results of the
simulations with free CNT ends and can be explained by the
broadening of the stress peak that corresponds to the transition
from the elastic to plateau regimes of the compression with
increasing deformation rate. Although the yield strength is higher,
the peak of the stress shifts to higher strains with the faster
compression of the forest, thus reducing the elastic modulus.
The stress peak broadening, or post-yield softening, is also

observed in the free simulations, e.g., Fig. 5, where it is attributed to
the inability of nanotubes to reorganize themselves rapidly enough
for minimization of stress at each step of the deformation. An
additional factor in the case of the glue simulations is the appear-
ance of the higher-order column buckling modes at high loading
rates (e.g., snapshot for 0.2 strain in Fig. 9b), which support larger
normal stresses applied to the indenter (n¼ 2 in equation (2)). The
S shape adopted by bundles with higher order buckling obstructs
the localization of bending energy, and some bundles retain their
serpentine configuration throughout the compression. Indeed,
comparing snapshots from the two extreme compression rates, the
buckled segments aremore localized at 10m/s, compared to 50m/s
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(Fig. 9). In addition, the S shapes of the bundles obstruct bundle-
bundle alignment, and therefore can also lead to greater stress on
the indenter.

The association of the stress peak broadening with the relaxa-
tion of the bending deformation of CNT bundles is supported by the
plots of the bending energy as a function of engineering strain for
the three compression rates shown in Fig. 11. The red dashed lines
cross at an arbitrary chosen point where 50% of the total increase in
the bending energy during the compression has occurred. Note that
the corresponding strain is the lowest for the fastest compression
rate and the largest for the slowest compression rate. The rapid
increase in bending energy at small strains indicates that bending
of CNT bundles makes an important contribution to the initial
stress peak. Therefore, the broadening of the stress peak at faster
compression rates can be related to the sharper increase of the
bending stress resulting in the formation of higher order column
buckling of CNT bundles, followed by a gradual stress relaxation
facilitated by the collective buckling of CNTs localized within
bundle cross-sections.

Remarkably, the values of the plateau stresses in the glue sim-
ulations are comparable to those of the freely compressed sample
FA. This observation can be rationalized by the prominent role that
collective buckling plays in the glue compressions. Following the
multiple localized buckling events occurring in the plateau regime,
the overall picture of the deformation does not change much with
further increase of the strain. Additional buckled segments form
around the sites of the original buckling, and the localization of the
bending deformation within the buckled segments ensure a con-
stant level of the material resistance to the indenter within a broad
range of strain extending to the densification regime.

The early onset of buckling in the glue simulations is illustrated
in Fig.12a, where the number of buckling kinks per CNT is shown as
a function of strain for sample FA with free and fixed tops of the
nanotubes. The nanotubes with fixed ends respond to compression
immediately with widespread buckling, which is initially concen-
trated near the two ends of the CNTs, but later extends to the
central parts of CNT bundles undergoing severe bending defor-
mation (Fig. 9). In the simulations with free ends of the CNTs, the
nanotubes slide along the indenter and do not show significant
buckling until around 0.4 engineering strain. Near 0.8 engineering
strain, the number of buckled kinks becomes comparable for all
simulations regardless of the boundary condition at the indenter
and the strain rate. Comparing the snapshots at 0.8 strain for FA
compressed without attachment to the indenter at 10m/s (Fig. 1a)
and those from simulations performed at 10 and 50m/s with the
CNTs attached to the indenter (Fig. 9), we see a visually similar
Fig. 11. Bending energy as a function of engineering strain for sample FA compressed at ind
attached to the indenter. The red dashed lines cross at a point where 50% of the total increase
in the figure. (For interpretation of the references to color in this figure legend, the reader
picture. The sections of the compressed forests in the middle of the
snapshots are not aligned parallel to the indenter and their relax-
ation is constrained by limited mobility of the upper and lower
parts of the bundles which are incorporated into the two dense
layers formed near the rigid substrate and the indenter. Further
compression must result in more buckling to alleviate the stress, as
the constrained CNTs cannot easily reorient themselves. The
compression in the absence of alternative deformation paths leads
to the onset of the densification regime signified by the rapid rise of
stress, Figs. 5 and 10.

The coarsening of bundles during the compression, discussed in
sections 4.1 and 4.2 and illustrated in Fig. 6, is less pronounced in
the glue simulations, as can be seen from Fig. 12b. The bundles still
coarsen upon compression but, for each loading velocity, the in-
crease in the mean bundle thickness is smaller when the ends of
the CNTs are attached to the indenter. The thinner bundles in the
glue simulations can bend and buckle more easily, which contrib-
utes to the rapid increase in the number of buckling kinks illus-
trated by Fig. 12a.

To investigate the effect of forest density on the deformation
behavior and mechanical properties of VACNT forests with ends of
the nanotubes attached to the indenter, we perform a series of glue
simulations for sample FC, which has five times higher density and
much thicker bundles than sample FA discussed above (see Table 2).
The snapshots from these simulations are shown in Fig. 13. Visually,
the deformation of sample FC is similar to that of sample FA (Fig. 9)
in that buckling is highly localized along the height of the CNT
bundles, and the bundles still aggregate near the indenter. Buckling
occurs at lower strains for faster compression rates, and, similarly
to the sparser forest, there are multiple buckled regions along the
height of some of the nanotube bundles at the compression velocity
of 50m/s.

The stress-strain response shown in Fig. 14 is, for the most part,
qualitatively similar to that of the more rarified forest FA (Fig. 10),
with a large elastic stress peak and a post-yield softening shoulder
that is particularly pronounced at faster compression rates, fol-
lowed by a plateau and densification regions. The average stress in
all deformation regimes, however, is substantially higher for the
denser forest FC, and scales roughly with the density of the forest.
This scaling is in contrast to the weak density dependence of stress
magnitude discussed in section 4.3 for simulations where the top
parts of the nanotubes are free to slide with respect to the indenter.
5. Recovery of VACNT forests

One of the most attractive aspects of the mechanical behavior of
enter velocities of (a) 10m/s, (b) 20m/s, and (c) 50m/s, with the tops of the nanotubes
in the bending energy has occurred, with the corresponding engineering strain labeled
is referred to the Web version of this article.)



Fig. 12. The evolution of the number of buckling kinks (a) and the average bundle thickness (b) in free (solid lines) and glue (dashed lines) simulations of sample FA compressed at
indenter velocities of 10, 20, and 50m/s up to 0.8 engineering strain.

Fig. 13. Snapshots from “glue” simulations of sample FC compressed at indenter velocities of (a) 10m/s and (b) 50m/s up to a maximum strain of 0.8. From top to bottom, the strain
is 0.2, 0.4, 0.6, and 0.8. The tops of the nanotubes are attached to the indenter, and the CNT segments adjacent to buckling kinks are colored red. (For interpretation of the references
to color in this figure legend, the reader is referred to the Web version of this article.)
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VACNT forests is their ability to withstand repeated loading and
unloading cycles with minimal permanent deformation [2,4].
However, in some cases the CNT forest remains substantially
deformed after compression [3,9,10,19]. As discussed in the intro-
duction, factors determining the extent to which a forest will
recover include the radii of CNTs, types and densities of CNT de-
fects, strain rate, morphology, presence of inclusions, and mass
density gradients along the height of the forest. As the first step in
the computational analysis of the mechanisms that control the
mechanical resilience of CNT forest subjected to cyclic loading, a
few series of simulations where sample FA is loaded and unloaded
over five cycles are performed. To explore the effect of the inter-
action with the indenter, both free and glue simulations of cyclic
loading are performed and reported below.
5.1. Repulsive CNT e indenter interaction

In all simulations of cyclic loading, FA is subjected to five
compression-recovery cycles. Each cycle consists of compression,
where the indenter is depressed at 50m/s, unloading, where the
indenter is raised to the original height of 200 nm at the same ve-
locity of 50m/s, and relaxation, where the forest is allowed to
recover. The relaxation stage is necessary because the forest re-
covery overall is significantly slower than the indenter speed of
50m/s, and the indenter usually detaches from the forest shortly
after the start of unloading. During the relaxation, most of the
structural rearrangements in the forest happens within the first
few nanoseconds of recovery, and by the time of 10 ns hardly any
structural changes can be observed within the sample. Therefore, in
the interest of reducing simulation time, we limit the cumulative



Fig. 14. Stress-strain response for sample FC compressed at indenter velocities of (a) 10m/s and (b) 50m/s, with the tops of the nanotubes attached to the indenter.
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time of the unloading and subsequent relaxation stage to 10 ns
However, some slow structural rearrangements may still occur af-
ter 10 ns at much longer time scales.

Two simulations, with maximal compressive strains of 0.8 and
0.6, are performed for the VACNT forest where the ends of CNTs are
unattached to the indenter. Snapshots from the simulations are
shown for configurations formed by the end of the 1st, 3rd, and 5th
loading-unloading-relaxation cycles in Fig. 15. Examining the
snapshots for the forest compressed repeatedly to 0.8 strain
(Fig. 15aec), we see that recovery is limited to less than half of the
original forest height, and after each cycle themaximum recovery is
decreased. A dense layer of horizontally aligned CNT bundles forms
at the interface with the indenter and remains stable after the
indenter separates from the compressed forest during the
unloading stage. The overall structure of the forest undergoes
relatively small changes with the successive cycles.

The snapshots from the simulation where sample FA is com-
pressed to a lower maximum strain of 0.6 (Fig. 15def) show a much
Fig. 15. Snapshots from two simulations of cyclic loading of sample FA shown at the end of
velocity of 50m/s and followed by relaxation of the forest in the unloaded state. The loadin
slide with respect to the indenter, and the CNT segments adjacent to buckling kinks are colo
referred to the Web version of this article.)
more significant recovery of the forest after the first cycle. Some of
the larger bundles formed during the compression are able to re-
turn to an upright position by the end of the first cycle, Fig. 15d,
while others have been entangled and do not fully recover.
Furthermore, the bundle size appears on average to be much larger
than that in themore strongly compressed forest in Fig.15a. Indeed,
by the end of the first cycle the average bundle thickness of sample
FA compressed to 0.8 strain is less than half of that when the forest
is compressed to 0.6 strain (Fig. 16). Compression results in the
coarsening of bundles because the nanotubes are being forced
together, but at the high loading rate (2.5� 108 s�1 at the indenter
velocity of 50m/s) the CNTs do not necessarily reorganize in the
way that minimizes their interaction energy. Furthermore, when
the forest is compressed to 0.8 strain, the nanotubes are pushed
into forming a metastable network of thinner bundles. When
compressed down to intermediate strains of 0.6, however, the CNTs
remain sufficiently mobile to allow for substantial coarsening of
bundles once the pressure from the indenter is released. Indeed,
cycles 1, 3, and 5. Each cycle consists of loading and unloading performed at indenter
g is done up to a maximum strain of 0.8 (aec) and 0.6 (def). The nanotubes are free to
red red. (For interpretation of the references to color in this figure legend, the reader is



Fig. 16. The evolution of the average bundle size (a) and number of buckling kinks (b) in two simulations of cyclic loading of sample FA. Each of the five consecutive cycles consists
of loading and unloading performed at indenter velocity of 50m/s and followed by relaxation of the forest in the unloaded state The loading is done up to a maximum strain of 0.8
(black line and dots) and 0.6 (red lines and triangles). The simulations are performed for nanotubes that are free to slide with respect to the indenter. (For interpretation of the
references to color in this figure legend, the reader is referred to the Web version of this article.)
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examination of Fig. 16 reveals that the largest increase in bundle
size for the forest compressed to 0.6 strain comes during the
relaxation stage of the first cycle, i.e., between cycle 0.5 and 1.0.

The structural changes in the VACNT forests undergoing cyclic
loading are reflected by the number of buckling kinks plotted for
each simulation in Fig.16b. In general, the number of buckling kinks
increases when the samples are compressed and decreases when
the indenter is removed. The increase is particularly large at the
loading stage of the first cycle, and becomes less pronounced in the
following cycles. When the compression is up to a strain of 0.8, the
substantial increase and partial recession in the number of buckling
kinks is observed for the first three cycles, but the variation in the
number of buckling kinks becomes muted during the last two cy-
cles. Some of the CNT segments unbuckle as the forest recovers, but
the degree of recovery, as seen in Fig. 15, decreases with each cycle,
and the bending deformation becomes increasingly localized
within the existing buckled regions of the CNT bundles. Interest-
ingly, when FA is compressed to 0.6 strain only, the increase in the
number of buckling kinks during compression is only faintly
observable beyond the first two loading cycles. The high energy
cost associated with collective buckling of thick CNT bundles
formed in this simulation during the first loading cycle makes the
deflection of the bundles by the indenter the favored deformation
mode at the intermediate strains.

The ability of some of the VACNT forests to withstand multiple
loading cycles with minimal plastic/irreversible deformation is of
particular practical interest and can be quantified by the dimen-
sionless loss coefficient,

h ¼ DUi

2pUr
; (3)

where DUi ¼
H
sdε is the mechanical energy dissipated in the ith

cycle of loading and unloading, ε is the strain, and Ur ¼
Z

ε
i
max

ε
i
min

s dε is

the energy stored in the material after one compression. Here, εimin

and ε
i
max are denoting theminimum andmaximum strains during a

cycle, where ε
i
min is not necessarily equal to zero. The quantity Ur

can refer to the area under the stress-strain curve for the first
compression or, alternatively, to the area for the current ith loading
cycle [101]. Graphically, the mechanical hysteresis loops for the
loading and unloading of sample FA up to 0.6 and 0.8 maximum
strains are shown in Fig. 17b and c, respectively. The area inside
each loop represents the value of DUi obtained for each cycle i by
subtracting the area under the unloading curve from the one under
the loading curve. Visually, this area shrinks with each successive
cycle. Setting Ur equal to the area under the first loading curve, we
see that the loss coefficient is decreasingwith each successive cycle,
Fig. 17a. This decrease of the loss coefficients reflects an increasing
permanent deformation of the forest sample subjected to cyclic
loading.

The loss coefficient of the first cycle is almost identical in the
two simulations, despite the much more substantial recovery of
sample FA compressed to 0.6 strain. The reason is that there is
almost no stress from the forest on the indenter at the unloading
stage of the cycle, as the indenter is raised with a velocity of 50m/s,
which is too fast for the top part of the forest to follow. As a result,
the stress drops down to zero shortly after the start of the
unloading (Fig. 17b), and DU1

Ur
z1 in both simulations. The loss co-

efficients calculated for the subsequent cycles using the values of Ur

evaluated for the first cycles are decreasing in both simulations due
to the accumulation of irreversible structural changes, which result
in the decreasing extent of the recovery. Moreover, in the case of
the lower maximum strain of 0.6, the diminishing peak stress leads
to a steeper decrease of the loss coefficient during the cyclic loading
relative to the simulation with maximum strain of 0.8, where the
peak stress remains fairly constant, Fig. 17b. The persistent peak
stress in the latter case can be related to a resilient spring-like
structure generated below the topmost, dense layer after the first
loading-unloading cycle, Fig. 15a. The subsequent loading cycles
only marginally affect the structure of the lower layer of the forest
and the corresponding values of the peak stress.

Overall, the trend in the decay and the magnitudes of the loss
coefficient are in a good agreement with experimental data [4,19],
even though the parameters of the simulated forests (i.e. CNT di-
ameters, forest height, lack of defects or density gradients) are
rather different frommost of the laboratory grown samples. Similar
to the experiments, we observe the sharp drop in the loss coeffi-
cient on the second cycle followed by a gradual decline for subse-
quent cycles.

5.2. CNTs attached to indenter

Additional insights into the resilience of VACNT forests can be



Fig. 17. Loss coefficient evaluated in simulations of cyclic loading of sample FA done up to a maximum strain of 0.8 and 0.6 (a) and the corresponding stress-strain curves shown for
cycles 1, 3, and 5 (b,c). The simulations are performed for nanotubes that are free to slide with respect to the indenter.
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gleaned from simulations of cyclic loading in which the tops of the
CNTs are attached to the indenter (see section 4.4). Similar to the
simulations discussed in the previous section, the simulations
discussed below are performed for sample FA subjected to five
consecutive loading e unloading cycles. However, no relaxation
phase is included since the CNTs are fixed to the indenter. The effect
of the loading rate is investigated by comparing the results ob-
tained with two velocities of the indenter at the compression and
recovery stages of each cycle, 10 and 50m/s. The forest is com-
pressed to a maximum strain of 0.8 in both simulations. In the
initial test simulations, the forest samples were recovered to their
initial heights, i.e., back to zero engineering strain. Due to the
reorganization of CNTs upon the initial compression, however,
large tensile stresses arise when the height of the forest is recov-
ered past 0.2 strain. Therefore, to avoid the large tensile stresses, we
limited the recovery of the sample to 0.2 strain with respect to its
Fig. 18. Snapshots from two simulations of a cyclic loading of sample FA performed with inde
of 0.2 with respect to the original height of the forest. The nanotubes are attached to the ind
adjacent to buckling kinks are colored red. (For interpretation of the references to color in
original height in all simulations discussed in this section. Starting
from the second loading-unloading cycle, the duration of one cycle
in these simulations is 24 and 4.8 ns for the indenter velocities of 10
and 50m/s, respectively.

Snapshots from the simulations are shown for configurations
generated by the end of 1st, 3rd, and 5th loading cycles in Fig. 18.
We can see that the overall structure changes only marginally after
the first loading cycle, and the primary visually apparent difference
between the consecutive snapshots is a gradual coarsening of the
bundles. The coarsening of the bundles is quantified in Fig. 19a,
where the average thickness of the bundles is characterized by
periodic variation of the bundle thickness in each loading and
unloading cycle, indicating the temporary formation and splitting
of bundles. However, average bundle thickness increases over the
course of five cycles.

An interesting observation is that the average bundle thickness
nter velocities of 10m/s (aec) and 50m/s (def). The unloading is done down to a strain
enter, and the snapshots are shown at the ends of cycles 1, 3, and 5. The CNT segments
this figure legend, the reader is referred to the Web version of this article.)



Fig. 19. The evolution of the average bundle size (a) and number of buckling kinks (b) in two simulations of cyclic loading of sample FA performed with indenter velocities of 10m/s
(black lines and dots) and 50m/s (red lines and triangles). The nanotubes are attached to the indenter, and the unloading is done down to a strain of 0.2 with respect to the original
height of the forest. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)
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in the sample loaded at a higher deformation rate surpasses that in
the slowly loaded sample by the end of the 2nd cycle, Fig. 19a.
Although we rationalized in sections 4.2 and 4.4 that, due to extra
time available for the nanotube reorganization, the CNT bundles
coarsen more readily when compressed slowly, the picture be-
comes more complicated when the forest is attached to the
indenter and undergoes multiple loading-unloading cycles. At the
slower loading rate, thick and stable bundles form during the first
compression, and pronounced coarsening does not occur in sub-
sequent cycles. However, at 50 m/s, the initial compression pro-
duces relatively thin bundles, which with additional cycles
continue to coarsen into even thicker bundles than those produced
with the 10 m/s loading rate.

The numbers of buckling kinks shown for the two rates of
deformation in Fig.19b exhibit a nearly linear increase and decrease
during the loading and unloading of the sample. The peak number
of buckling kinks gradually decreases for the first several loading
cycles, and the bending energy (not shown) follows a qualitatively
similar trend. These decreases in the peak bending energy and the
maximum number of buckling kinks reflect the increased locali-
zation of bending deformation with successive cycles. Rearrange-
ment of nanotubes into thicker bundles reduces the number of
Fig. 20. Loss coefficient evaluated in simulations of cyclic loading of sample FA performed w
shown for cycles 1, 3, and 5 (b,c). The nanotubes are attached to the indenter, and the unlo
isolated buckling events in individual CNTs and thin bundles and
makes the coordinated localized buckling of bundles the dominant
mode of the bending deformation.

The loss coefficients and mechanical hysteresis cycles for the
two simulations are shown in Fig. 20. The stress-strain cycles are
different from the ones observed in the simulations where the CNTs
interact repulsively with the indenter (Fig. 17) in that the stress
does not drop to zero with the start of the recovery stage of the
cyclic loading. Rather, the stress gradually decreases upon
unloading and, due to the entanglement and coarsening of CNT
bundles, can become tensile (i.e., negative within the convention
adopted in this paper) by the end of the unloading, when the forest
pulls back on the rising indenter.

The loss coefficient, calculated for both loading rates using
equation (3) and plotted in Fig. 20a, exhibits the same general trend
that was observed for the simulations where the CNTs are not
attached to the indenter, Fig. 17a. The slower deformation rate
yields a larger loss coefficient since the area under the stress curve
during the initial loading, Ur , is similar in magnitude to those in the
subsequent loading cycles. For the faster loading rate, the difference
between the level of stress realized during the initial loading and
stresses observed in the subsequent cycles is greater due to the
ith indenter velocities of 10m/s and 50m/s (a) and corresponding stress-strain curves
ading is done down to a strain of 0.2 with respect to the original height of the forest.
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more extensive structural reorganization of the nanotubes, thus
resulting in smaller values of the loss coefficient. The trend of the
reduction of loss coefficient in the course of the cyclic loading
observed in the simulations is in a good qualitative and quantitative
agreement with experimental results obtained for longer MWCNT
forests [4,19].

6. Summary

The mechanical response of short VACNT forests to the uniaxial
compression is systematically investigated in mesoscopic dynamic
simulations performed for computational samples with different
density and microstructure (bundle size distribution and degree of
nanotube alignment). The effects of the loading rate and the
interaction of CNTs with the indenter on the mechanical properties
and deformation behavior of VACNT forests are studied and related
to experimental observations. The mechanisms that control the
mechanical resilience of CNT forests are also explored in simula-
tions of cyclic loading of the computational samples.

The simulations provide first insights into structural changes in
the networks of interconnected CNT bundles undergoing me-
chanical deformation and reveal the key elementary processes
responsible for the reversible and irreversible modes of the me-
chanical deformation. Remarkably, the three-stage stress-strain
dependence (an elastic peak followed by an extended plateau re-
gion and a sharp rise of stress in the densification regime)
commonly measured for VACNT forests ranging up to millimeters
in height is reproduced in the simulations performed for relatively
short forests composed of 200-nm-long nanotubes. Moreover, the
mechanical properties derived from the stress-strain curves (e.g.
elastic modulus, yield strength, modulus of resilience) fall within
the ranges reported in experimental studies.

The connections between the structural characteristics of the
computational forests and their mechanical response to the uni-
axial loading are investigated. The characteristic features of the
stress-strain dependence are related to the thickness of CNT bun-
dles and the degree of their alignment along the vertical axes of the
forests. In particular, the mechanical behavior of short CNT forests
is found to be largely defined by the competition between two
distinct mechanisms of CNT bundle deformation: (i) folding of
bundles at their bases, prevalent in samples with large bundle
inclination with respect to the vertical axis and (ii) bowing of
bundles followed by collective buckling of CNTs localized within
bundle cross-sections, characteristic of vertically aligned bundles
with small initial inclinations. The loading rate and density of the
forest are found to have a substantial effect on the parameters of
the stress-strain dependence and the deformation mechanisms.
Furthermore, the effect of the interaction of CNTs with the indenter
is examined, and the deformation of forests with CNTends attached
to the indenter is determined to proceed primarily through local-
ized bending and buckling of bundles, resulting in a relatively level
plateau region of stress extending past 0.8 strain.

Additionally, several sets of simulations of VACNT arrays un-
dergoing five loadingeunloading cycles are performed to examine
the effect of the strain rate andmaximum compressive strain on the
mechanical resilience of the nanotube forests. The variation of the
magnitude of the loss coefficient over successive loading-unloading
cycles predicted in the simulations is in a good agreement with the
results of experimental measurements. The maximum compressive
strain is found to have a strong impact on the structural rear-
rangement of the CNTs, thus affecting the forest recovery and the
peak stress when the CNTs interact repulsively with the indenter. In
the simulations where the CNTs are attached to the indenter, the
rate of compression is found to affect- the bundling of CNTs, with a
faster rate ultimately producing thicker bundles and, therefore,
lower loss coefficient as compared to slower compression rates.
Overall, the complexity of the deformation behavior of VACNT

arrays, defined by the interplay of different modes of collective
bundle deformation, and the high sensitivity of the mechanical
response to the forest morphology, density, deformation rate, and
interaction with the indenter suggest a broad range of opportu-
nities for tuning the mechanical properties of nanotube forests to
the needs of practical applications.
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