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5.1 Introduction

Carbon nanotube (CNT) materials constitute a broad class of hierarchical materials
deriving their properties from the intimate connections between the atomic structure
of individual CNTs, the arrangements of CNTs into mesoscopic structural elements,
such as CNT bundles and branching structures, and the structural organization of
the mesoscopic elements into macroscopic network materials. Depending on the
material density and production method, the CNT materials exist in many forms,
from low-density aerogels and sponges with densities of �0.01 g/cm3 [1, 2], to
medium-density CNT films [3–6], “forests” [7, 8], mats, and “buckypaper” [9–11]
with densities of �0.1 g/cm3, and to high-density super-aligned CNT fibers [12–14],
forests [8] and films [15] with CNT arrangements approaching the ideal packing
limit. While, in general, the strong van der Waals attraction between nanotubes [16]
results in their self-assembly into networks of interconnected bundles [17, 18], the
degree of CNT alignment, bundle and pore size distributions, and other structural
characteristics of CNT networks are not uniquely defined by the length and flexural
rigidity of CNTs and material density, but can be modulated by changing the
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parameters of the production process [18], mechanical [11] and chemical [19, 20]
post-processing or radiative treatment.

The complex hierarchical organization of the CNT materials and the wide
diversity of material structures give rise to a large variability of physical properties.
The experimentally measured values of thermal conductivity of CNT materials, in
particular, fall into an amazingly broad range of values from 0.02 to 1000 W/m/K
[14, 15, 21–34] and suggest that the variation in structure and density of the
CNT networks as well as the modulation of the intrinsic thermal conductivity
of individual CNTs can turn CNT materials from perfect thermal conductors to
insulators. Moreover, the high degree of anisotropy of thermal conductivity reported
for aligned arrays of nanotubes [24, 26, 30] opens up attractive opportunities for
guiding the heat transport along a desired path in thermal management applications.
In order to realize these opportunities, however, a clear understanding of the key
microstructural features and elementary processes that control thermal transport
properties of CNT materials has to be achieved.

As reviewed in Chap. 10 of this book, the steady advancement in experimental
techniques for probing thermal conductivity of individual CNTs and CNT materials
has yielded important information on the connections between the structural
characteristics of CNT materials and their thermal transport properties. The small
size of the individual nanotubes and their propensity to form bundles and aggregate
into intertwined structures, however, present a number of technical challenges
that hamper a systematic experimental investigation of the dependence of thermal
conductivity on the geometrical and structural parameters of CNTs (length, diame-
ter, chirality, strain, and presence of defects) and their arrangement into network
structures. The experimental challenges have motivated extensive computational
efforts aimed at providing insights into the mechanisms and pathways of the heat
transfer in CNT materials.

Due to the complexity and inherently multiscale nature of the structural orga-
nization of the CNT network materials, a complete analysis of the heat transfer
cannot be performed within a single computational approach and a number of
complementary computational techniques have to be combined for establishing the
connections between the intrinsic thermal conductivity of individual CNTs, inter-
tube thermal conductance, and the collective heat transfer through the CNT material,
as schematically shown in Fig. 5.1. The atomistic molecular dynamics (MD)
computational technique is well suited for simulation of the vibrational (phononic)
heat transfer in individual CNTs [35–69] or heat exchange between CNTs [21,
70–81]. The information gained from the atomistic simulations can be used for
parameterization of mesoscopic models that adopt simplified representations of
nanotubes and are capable of simulating the collective behavior and properties of
large ensembles of CNTs arranged into interconnected networks of bundles [82–
99]. A detailed analysis of the results of the mesoscopic simulations of heat flow
in CNT materials with realistic entangled structures [60, 79, 100, 101] can provide
ideas for designing theoretical models of the heat (and charge) transfer in CNT
materials and, in particular, for making a transition from the theoretical analysis
of model systems composed of straight randomly arranged or aligned nanofibers
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Fig. 5.1 Schematic diagram of the connections between different computational approaches
aimed at providing insights into the heat transfer in CNT materials and advancing theoretical
understanding of thermal transport properties of this practically important class of nanofibrous
network materials

[72, 100–114] to the derivation of the scaling laws for complex network structures
and nanocomposites. The statistically averaged thermal transport properties of
CNT networks can be obtained with a number of theoretical approaches based on
simplified geometrical models of fibrous networks or numerically in Monte Carlo
simulations [100, 102–105, 109, 110, 112–114]. These theoretical and numerical
approaches provide additional guidance for revealing the scaling laws that govern
the structure–properties relationships of the transport properties of CNT materials.
Overall, the atomistic and mesoscopic modeling plays an important role in the
advancement of the theoretical understanding of the heat transfer in CNT materials
and, in general, in a broad class of network nanofibrous materials.

In this chapter, we first provide a brief overview of the results of atomistic
simulation studies of the thermal conductivity of individual CNTs and inter-tube
contact conductance (Sects. 5.2 and 5.3), and then discuss the emerging mesoscopic
computational approaches to the calculation of the effective thermal conductivity
of CNT materials (Sects. 5.4 and 5.5). The interconnections between the processes
occurring at different length scales are highlighted and the open questions and future
research directions are discussed in Sect. 5.6.



132 L.V. Zhigilei et al.

5.2 Atomistic Modeling of Thermal Conductivity
of Individual CNTs

The classical MD technique has been (and remains) the most commonly used
computational method in investigations of heat transfer in CNT systems. The MD
technique allows one to follow the time evolution in a system of interacting atoms
by solving a set of classical equations of motion for all atoms in the system [115].
A key advantage of this technique is in its ability to fully control the conditions
of the simulations and to perform systematic analysis of the dependence of the
thermal conductivity on CNT length [38–41, 44–50, 54, 55, 62–68], diameter [37–
39, 44, 47–49, 54, 57, 59, 62–65], elastic deformation [51–53, 58, 67], buckling
[51, 56, 60, 61, 67], presence of isotope dopants [44, 45, 49, 64], vacancies and
Stone–Wales defects [36, 45, 64], or chemisorbed molecules [40] in a systematic
manner and in isolation from other structural parameters. Despite the full control
over the simulated system, however, the MD simulation technique can hardly be
considered to be suitable for quantitative predictions of the exact values of thermal
conductivity of CNTs. The two main limiting factors, the classical treatment of
atomic motions and the sensitivity of the results to the computational parameters,
are briefly described below.

Since the Debye temperature of CNTs is on the order of 1000 K, the phonon
population at room temperature is governed by quantum mechanics (Bose–Einstein
statistics), and cannot be adequately represented by the classical MD technique.
Quantum corrections, based on redefining the temperature so that the classical
kinetic energy of the system is equal to the corresponding quantum kinetic energy
of a harmonic lattice, have been developed for the description of thermodynamic
and structural properties [116, 117] and extended to thermal transport properties in
a number of works, e.g., [46, 50]. This extension, however, has been shown to be
flawed [118] as the classical and quantum relaxation times cannot be reconciled
using a system-level quantum correction. A number of more refined “quantum
thermal bath” approaches accounting for quantum-mechanical effects through
application of a Langevin-type thermostat with a colored noise enforcing the
Bose–Einstein distribution of the vibrational energy have recently been suggested
[118–123]. The complexity of these approaches as well as a number of technical
issues, such as the zero-point energy leakage [124, 125], however, restricts their
applications to relatively simple model systems, and leaves the challenge of fully
accounting for quantum effects in MD simulations unresolved.

Beyond the missing quantum effects, the predictive power of MD simulations
is affected by the sensitivity of the results to the computational procedures and
interatomic potentials employed in the calculations. Even when the simulated
system is nominally the same, the values of thermal conductivity predicted in
different MD simulations exhibit a surprisingly large variability. An example of
such inconsistency is demonstrated by the sample of MD results obtained for single-
walled (10, 10) CNTs at �300 K provided in Table 5.1. The values of thermal
conductivity range from �100 Wm�1 K�1 to more than 6000 Wm�1 K�1, and are
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Table 5.1 A sample of room temperature values of CNT thermal conductivity, kT , predicted
in MD simulations of (10,10) CNTs performed with equilibrium MD (EMD) method, where
kT is calculated from small fluctuations of heat current using Green–Kubo relation [115], non-
equilibrium MD (NEMD) method, where a steady-state temperature gradient is created between
“heat bath” regions and kT is determined from the Fourier law, and homogenous NEMD (HNEMD)
method [126], in which kT is evaluated from the response of the system to a small artificial “thermal
force” applied to individual atoms and representing the effects of the heat flow

Boundary

Source kT (Wm�1 K�1) LT (nm) Potential Method conditions

Lukes and
Zhong [46]

�20–160 5–40 Brenner-2 C LJ EMD Periodic and
non-periodic

Ma et al. [67] �105–175 �25–90 AIREBO NEMD Periodic
Pan [57] 243 �29.4 Brenner-2 NEMD Periodic
Salaway and
Zhigilei [66]

154–258 47–630 AIREBO NEMD Non-periodic

Xu and
Buehler [51]

301 49.26 AIREBO NEMD Periodic

Wei et al. [58] 302 49.26 AIREBO NEMD Periodic
Padgett and
Brenner [40]

�35–350 �10–310 Brenner-2 NEMD Periodic

Thomas et al.
[54]

�300–365 200–1000 Brenner-2 NEMD Non-periodic

Lukes and
Zhong [46]

233–375 5–10 Brenner-2 C LJ HNEMD Periodic

Maruyama
[38]

�275–390 6–404 Brenner NEMD Non-periodic

Feng et al. [64] �50–590 6.52–35 Brenner-2 NEMD Non-periodic
Bi et al. [45] �400–600 2.5�25 Tersoff EMD Periodic
Moreland et al.
[41]

215–831 50–1000 Brenner NEMD Periodic

Cao and Qu
[62]

�560–1620 100–2400 Tersoff-2 NEMD Periodic

Ren et al. [53] �1430 6 AIREBO NEMD Non-periodic
Sääskilahti
et al. [68]

�160–1600 �120–4000 Tersoff-2 NEMD Non-periodic

Grujicic et al.
[42]

1730–1790 �2.5–40 AIREBO EMD Periodic

Che et al. [36] �2400–3050 �2.5–40 Brenner EMD Periodic
Berber et al.
[35]

�6600 �2.5 Tersoff HNEMD Periodic

The definition of the length of the CNTs, LT , includes the length of the heat bath regions [66]. The
interatomic potentials used in the simulations are the Tersoff potential in its original formulation
[127, 128] (Tersoff) and with parameters suggested in [129] (Tersoff-2), the Brenner potentials with
parameterizations described in [130, 131] (Brenner and Brenner-2, respectively), and the adaptive
intermolecular reactive bond order (AIREBO) potential described in [132]. A description of non-
bonding van der Waals interactions through addition of the Lennard-Jones (LJ) potential to the
Brenner-2 potential is denoted as Brenner-2 C LJ
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clearly affected by the computational setups adopted in different studies. A recent
analysis of the effects of common computational parameters of non-equilibrium
MD simulations [66] demonstrates that the type of boundary conditions, size and
location of heat bath regions, definition of the CNT length, and the choice of
interatomic potential all have a substantial influence on the predicted values of
thermal conductivity. The choice of interatomic potential, in particular, is shown to
be responsible for an up to fourfold variability in thermal conductivity for otherwise
identical simulation conditions.

While the above discussion casts doubt on the utility of MD simulations for
evaluation of accurate values of thermal conductivity of CNTs, the real power
of the MD simulations is in the ability to reveal the general trends and physical
mechanisms that control the heat transfer within and between the nanotubes, as
well as to provide a valuable semi-quantitative information on the effect of different
factors (e.g., CNT length, structural defects, and different modes of deformation) on
thermal conductivity of CNTs.

The length dependence of thermal conductivity of CNTs, in particular, is
commonly observed in MD simulations [33, 36, 38–44, 46–49, 54, 61, 63–68]
and attributed to two main physical origins. First, when the length of a nanotube
is smaller than or comparable to the phonon mean free path, phonons are capable of
traveling ballistically through the CNT without being impeded by phonon–phonon
scattering. As the CNT length increases, the effective length of the ballistic transport
increases, which also increases the overall thermal transport and results in higher
conductivity values. Second, the longest available phonon wavelength that can exist
in a CNT is defined by the length of the nanotube. Thus, as the length increases,
the maximum allowable phonon wavelength also increases. The additional long-
wavelength phonons offer effective channels for thermal transport and can make a
substantial contribution to the thermal conductivity [46, 62, 67, 68].

The CNT length that corresponds to the transition from the ballistic heat
conduction regime, where the thermal conductivity increases with CNT length, to
the diffusive regime, where the thermal conductivity approaches a constant value,
is temperature dependent as the phonon mean free path decreases with increasing
temperature. A recent review of room temperature experimental measurements
performed for CNTs with length exceeding 0.5 �m [33] suggests the diffusive
regime of the heat transfer. At the same time, the results of MD simulations
performed for CNTs with lengths of 10–100s of nm typically exhibit a pronounced
increase of kT with increasing CNT length, that is the characteristic of the ballistic
phonon transport [38–41, 44, 46–49, 54, 62, 64, 66, 68]. The length dependences
predicted in different MD studies, however, vary widely for the same (10,10) CNT,
with the transition to the diffusive regime (saturation of kT ) predicted for as short
CNTs as 100 nm or even in some of the investigations [36, 42, 43, 63], while
no saturation is observed for CNTs with length exceeding 1 �m in other studies
[62, 68].

A sample set of computational results shown in Fig. 5.2 suggests the dominant
contribution from the ballistic phonon transport for CNTs shorter than �200 nm,
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Fig. 5.2 Dependences of thermal conductivity, kT , of (10,10) CNTs on sample length, LC,
predicted in MD simulations by Lukes and Zhong [46], Thomas et al. [54], Shiomi and Maruyama
[48], Padgett and Brenner [40], and Salaway and Zhigilei [66]. The sample length is defined as the
distance between the hot and cold heat bath regions

which exhibit strong length dependence. In studies where CNTs longer than 200 nm
are investigated, a transition to weaker length dependence is observed, suggesting a
transition to the diffusive-ballistic regime. The transition between the two regimes is
observed for the nanotube length that roughly corresponds to the room temperature
phonon mean free path, which has been estimated to be of the order of 200–
500 nm based on experimental data [133, 134], results of MD simulations [62], and
theoretical analysis [135]. Note that the extent of the transitional diffusive-ballistic
regime is defined by the longest mean free paths of long-wavelength phonons (of
the order of several �m [136] or even longer [68] at room temperature). Thus,
while the length dependences shown in Fig. 5.2 become notably weaker as the
length increases above 200 nm, the gradual increase of the thermal conductivity
with increasing length may be expected up to CNT lengths of the order of tens of
�m [68, 137, 138].

While the computational studies discussed above are addressing the intrinsic
thermal conductivity of perfect fully relaxed CNTs, the nanotubes in a real material
are likely to contain various structural defects and experience elastic deformation
caused by their interaction with surrounding CNTs in an interconnected network
of bundles or application of an external mechanical loading to the material. The
precise control over atomic structure and strain in MD simulations makes it possible
to perform a detailed analysis of the effect of mechanical deformation and defects
on thermal conductivity of CNTs.

In particular, the effect of the axial deformation was investigated in non-
equilibrium MD (NEMD) simulations reported in [51] and a substantial reduction of
the thermal conductivity for both tension (�30 % reduction for strain of 15 %, close
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Fig. 5.3 The dependences of the nanotube thermal conductivity on torsional deformation [51] (a)
and thermal conductance of bending buckling kink normalized by the cross-sectional area of a
CNT, ¢b/AT , on the buckling angle ¦ [60] (b) predicted for (10,10) CNTs in MD simulations.
The insets show atomic configurations for a twist strain of 0.026 in (a) and for buckling angles
¦ D 23.6ı, 49.5ı, 82.1ı, and 112.0ı (correspond to bending angles ™ D 40ı, 60ı, 90ı, and 120ı,
respectively) in (b)

to the failure limit) and compression (up to �36 % reduction for strain of �5 %)
was observed for a 49 nm long (10,10) CNT. The reduction of thermal conductivity
was attributed to softening of phonon modes under tension and enhanced phonon
scattering due to the transverse bending/buckling upon compression. In another
study, performed for a shorter, 6 nm long (10,10) CNT [53], the maximum of
thermal conductivity was observed at about 2 % elongation of the nanotube while
additional elongation and compression are found to decrease the conductivity. The
torsional strain is reported to have a negligible effect on thermal conductivity up to
the onset of buckling of the nanotube cross-section, when the thermal conductivity
exhibits a substantial drop, Fig. 5.3a [51]. A similar behavior is observed for
bending deformation, where the effect of bending on thermal conductivity is hardly
noticeable [52, 67] up to the onset of bending buckling, while the appearance of
buckling kinks creates effective “thermal resistors” for the heat conduction along
the nanotube [51, 60, 61, 67]. The results of MD simulations performed for different
bending angles reveal a strong dependence of the thermal conductance of a buckling
kink on the buckling angle, Fig. 5.3b [60], and enable reliable parameterization
of a mesoscopic model capable of simulating heat transfer in network structures
composed of thousands of CNTs (see Sect. 5.4). The mesoscopic simulations show
that the effect of the finite buckling conductance is amplified by the preferential
buckling of thin bundles and individual CNTs serving as interconnections between
thicker bundles in the network structures, resulting in about 20 % reduction in
the effective conductivity of a network material composed of 1 �m long (10,10)
CNTs [60].

Overall, the results of the MD simulations of strained nanotubes suggest that
homogeneous elastic deformation of nanotubes has relatively small effect on their
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thermal conductivity, while the onset of geometric instability and buckling greatly
enhances scattering of phonons and decreases thermal conductivity. This conclusion
is also consistent with the results of recent simulations of the free vibrations of
26 nm long (10,10) CNTs, where a dramatic increase in the rate of the energy
dissipation of longitudinal and bending oscillations (i.e., the energy transfer from
low-frequency mechanical oscillations to high-frequency vibrational modes) is
observed at the onset of axial or bending buckling [90].

5.3 Atomistic Modeling of Inter-Tube Contact Conductance

Despite the high intrinsic thermal conductivity of individual CNTs, the values of
the effective conductivity reported for CNT-based materials are often relatively low
and exhibit large variability [14, 15, 21–34]. The weak thermal coupling between
CNTs, defined by non-bonding van der Waals inter-tube interactions, is commonly
assumed to be the limiting factor that controls thermal transport in CNT materials
[21, 70–77, 100, 139–141]. This assumption has been put into question by the
results of recent mesoscopic simulations [101], which suggest that the effective
thermal conductivity of CNT network materials is to a large extent controlled
by the finite values of the intrinsic thermal conductivity of the nanotubes (see
Sect. 5.4). Nevertheless, the dependence of the inter-tube conductance on the density
and geometrical characteristics of the CNT–CNT contacts is clearly critical for
establishing the physical mechanisms of heat transfer in CNT materials.

The only direct experimental measurements of thermal conductance between
individual nanotubes reported to date are the ones reported in [140, 141] for multi-
walled CNTs. The results of these measurements indicate that the conductance per
unit area is about an order of magnitude lower for CNTs that are aligned with
each other at the contact as compared to the CNTs crossing each other at an angle
[140]. The strong dependence of the interfacial conductance on the geometry of
the contact suggests a high sensitivity of the effective thermal conductivity of CNT
materials to their structural organization and puts into question the reliability of the
estimations of the inter-tube contact conductance based on the experimental values
of the effective conductivity of CNT materials [21, 34, 113, 144]. These estimations
typically assume a fixed value of the inter-tube conductance and rely on analytical
equations derived for idealized systems composed of randomly dispersed straight
nanotubes [72, 100, 101, 111]. The arrangement of CNTs into bundles in real CNT
materials, however, can result in a broad spectrum of the inter-tube contacts, which
has been shown to have a dramatic effect on the inter-tube heat exchange and the
effective thermal conductivity [100, 101].

Under conditions when nanoscale manipulation of CNTs and reliable measure-
ment of the conductance between individual nanotubes still present significant
challenges, computational analysis based on MD simulations has been playing
the leading role in advancing the physical understanding of the thermal transport
across CNT–CNT contacts [21, 70–81]. The simulations have provided important
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Fig. 5.4 Schematic representations of computational setups used in MD simulation studies of the
inter-tube contact conductance: (a–c) parallel, partially or fully overlapping CNTs and (d–f) CNTs
crossing each other at an angle. The setup in (e), with two cross-junctions separated by a distance
d, is used for investigation of the effect of contact density on the conductance per junction

Fig. 5.5 Inter-tube conductance per unit length, ¢T , versus overlap length, 4x12, predicted in
MD simulations of parallel partially overlapping (10,10) CNTs by Zhong and Lukes [70], Xu
and Buehler [74] (a), and Volkov et al. [79] (b). The computational setup of Fig. 5.4a with rigid
boundary conditions applied to the outer ends of the two nanotubes is used by Zhong and Lukes,
while the setup shown in Fig. 5.4c with periodic boundary conditions applied in the direction
parallel to the axes of nanotubes is used in the other two studies. The error bars in (b) show
one sample standard deviation calculated for “instantaneous” values of inter-tube conductance
collected during the steady-state part of the simulation

insights into the mechanisms responsible for the inter-tube heat transfer for parallel
CNTs [70, 71, 74, 75, 77, 79, 81] and CNTs crossing each other at an angle
[21, 72, 73, 76–78, 80, 81]. Various configurations used in MD simulations of
inter-tube conductance are schematically represented in Fig. 5.4. Similarly to
the MD simulations of the intrinsic conductivity of CNTs discussed above, in
Sect. 5.2, quantitative comparison of the values of inter-tube conductance predicted
in different simulations is hampered by the differences in computational setups,
interatomic potentials, definitions of the contact area, and length and type of the
CNTs used in the simulations. Nevertheless, it may be instructive to compare the
results obtained in different investigations of the well-studied (10,10) CNTs that
are also used as an example in the discussion of CNT conductivity in the previous
section.
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Starting with parallel, partially overlapping CNTs (setups shown in Fig. 5.4a, c)
and plotting the data reported in [70, 74, 79] in a uniform way, in terms of
conductance per overlap length, ¢T in units of Wm�1 K�1, in Fig. 5.5, two trends can
be observed. In the simulations performed for short overlap length, 4x12 � 10 nm,
the conductance per overlap length is decreasing with increasing overlap length
[70, 74]. The drop in ¢T is particularly sharp in simulations reported in [70],
from �T � 0:0065 Wm�1 K�1 at 4x12 D 2.5 nm, to �T � 0:0034 Wm�1 K�1 at
4x12 D 5 nm, and to �T � 0:0018 Wm�1 K�1 at 4x12 D 10 nm, and more moderate
in simulations of [74] where �T decreases from �0.08 to �0.05 Wm�1 K�1 as 4x12

increases from 4 to 9.5 nm. For longer overlap lengths of 10–95 nm considered in
[79], however, no statistically significant variation of �T with the overlap length
is observed. Since the area of a CNT–CNT contact is directly proportional to the
overlap length, the disparate trends observed for short and long overlaps suggest
that the inter-tube contact conductance is not a simple function of the contact area
and may depend on particular geometry/types of the contact.

At quantitative level, the values of ¢T obtained for long overlaps in [79],
�0.06 Wm�1 K�1, are consistent with the range of 0.05–0.08 Wm�1 K�1 reported
for shorter overlaps in [74]. Comparable values, 0.03 and 0.048 Wm�1 K�1, can
be calculated from the results reported for two parallel 20 nm long (10,10) CNTs
[77] and two parallel 4.3 nm long (10,0) CNTs embedded into a “frozen” matrix
[75],1 respectively. On the other hand, an order of magnitude smaller values of
0.0065–0.0018 Wm�1 K�1 are calculated from the data of [70]. The use of relatively
short nanotubes (LT D 5–40 nm as compared to LT D 100–200 nm in [79] and
LT D 25–75 nm in [74]) in combination with fixed boundary conditions at the ends
of the interacting CNTs may be responsible for both the strong overlap length
dependence of �T and the small values of the conductance observed in [70]. Indeed,
the dependence on the CNT length in [70] is especially pronounced for LT < 10 nm
and becomes weaker as the CNT length increases from 10 to 40 nm. The observation
of the pronounced CNT length dependence for short CNTs is consistent with the
results of an MD simulation study of the interfacial conductance between a (5,5)
CNT and a surrounding octane liquid [139], where an increase in the interfacial
conductance per CNT surface area with increasing nanotube length is observed up
to a length of �3.5 nm and attributed to the extinction of low-frequency phonons in
short CNTs.

Further insights into the dependence of the inter-tube conductance on the contact
area and the geometry of the contact can be obtained from simulations performed
for CNTs crossing each other at various angles (computational setups shown in
Fig. 5.4d, f). The definition of the contact area for cross-junctions, however, is not
straightforward and different approaches have been adopted in different studies. In
particular, the inverse thermal conductance calculated in [77] for different angles

1The values of interface conductance given in [75] in units of Wm�1 K�1 (Figs. 6 and 7 of [75]) are
about an order of magnitude larger than the actual values found in the simulations, as established
through private communication with Dr. Vikas Varshney.
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Fig. 5.6 Thermal conductance of CNT–CNT cross-junctions predicted in MD simulations by
Evans et al. [77] (a) and Hu and McGaughey [80] (b). The computational setups of Fig. 5.4d, f
with periodic boundary conditions applied in the direction parallel to the axes of nanotubes is
used by Evans et al., while the ends of the nanotubes are kept rigid during the simulations by Hu
and McGaughey. The contact area is defined through the inter-tube interaction energy in (a) and
calculated as D2/sin™, where D is the nanotube diameter in (b)

™ is plotted in Fig. 5.6a as a function of the inverse contact area using the total
inter-tube bonding energy as a measure of the contact area. The linear scaling of the
inverse conductance with inverse “contact area” is discussed in this study in terms
of a combined contribution of two thermal resistances placed in series, an internal
resistance associated with the energy exchange between high- and low-frequency
modes within the nanotubes and an external junction resistance associated with
heat flow between the nanotubes mostly via low-frequency vibrational modes. The
notion of the major contribution of long-wavelength phonons in the energy transfer
between the nanotubes is supported by the results of wavelet analysis of thermal
pulse propagation along a CNT forming perpendicular cross-junction with another
nanotube [73]. Evaluation of the vibrational frequencies excited in the second CNT
reveals the dominant frequencies that are relatively low (<10 THz), implying that the
low-frequency modes are largely responsible for the heat transfer across CNT–CNT
junctions.

An approximate linear scaling of the cross-junction conductance on the contact
area is also observed in a study performed for (6,6) CNTs [80], where a simple
geometrical definition of the contact area as D2/sin(™), where D is the nanotube
diameter, is used, Fig. 5.6b. A substantial deviation from the linear dependence,
however, can be seen for the data point calculated for the smallest angle of ™ D 15ı,
where deformation of the contact geometry by the inter-tube interaction forces
acting to align the nanotubes may be expected.

The combined results of several series of MD simulations performed for various
inter-tube contact configurations shown in Fig. 5.4 have recently been used to
formulate a general model of CNT–CNT conductance applicable to junctions of
arbitrary configuration [81]. The analysis of the combined set of data reveals a
non-linear dependence of the conductance on the number of interatomic inter-tube
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Fig. 5.7 The values of inter-tube thermal conductance obtained in MD simulations (red circles)
and predicted by the general empirical equation (black crosses) for various CNT–CNT contact
configurations [81]

interactions (used as a proxy for contact area) and suggests a larger contribution to
the conductance from areas of the contact where the density of interatomic inter-
tube interactions is smaller. An empirical relation expressing the conductance of
an arbitrary contact configuration through the area of the contact region, quantified
by the number of interatomic inter-tube interactions, and the density of interatomic
inter-tube interactions, characterized by the average number of interatomic inter-
tube interactions per atom in the contact region, is suggested based on the results
of MD simulations. The empirical relation is found to provide a good quantitative
description of the contact conductance for various CNT configurations, as shown
in Fig. 5.7. Moreover, the empirical relation and the underlying concept of the
sensitivity of the conductance to the density of interatomic inter-tube interactions
reconcile the results of earlier studies of the conductance between parallel partially
overlapping CNT, Fig. 5.5, where the conductance per overlap length was shown to
be independent of the overlap length for long overlaps [79] but was found to exhibit
a pronounced decrease with increasing length of the overlap for short overlaps [70,
74]. The general description of the conductance of an arbitrary CNT–CNT contact
configuration is also suitable for incorporation into mesoscopic models capable of
predicting the effective thermal transport properties of CNT network materials, as
discussed below in Sect. 5.4.

Before starting the discussion of the mesoscopic modeling, we would like to
mention two issues related to the inter-tube interactions in CNT materials that
received a substantial, and somewhat controversial, attention in literature. First,
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Fig. 5.8 The temperature profiles along nanotubes obtained in MD simulations performed for
160 nm long (10,10) CNTs arranged into three configurations shown in the inset [79] (a) and
the values of the contact conductance predicted in simulations of double junctions separated by
distance d [81] (b). In (a), the heat flux is applied to each CNT individually and the values of
thermal conductivity are obtained from the steady-state temperature profiles

the van der Waals interactions between nanotubes in CNT bundles leading to the
enhancement of phonon scattering and decrease in the intrinsic thermal conductivity
of nanotubes is commonly discussed as a major factor responsible for a substantially
lower thermal conductivity of CNT bundles as compared to individual CNTs [25,
31, 142, 143, 145]. The reduction of the intrinsic thermal conductivity of CNTs
and other carbon structures due to the non-bonding interactions in materials that
consist of multiple structural elements was suggested in [35] based on the results
of atomistic Green-Kubo calculations of thermal conductivity. This suggestion,
however, while echoed in a number of works, e.g., [31, 25, 143, 145, 146], is
only a conjecture extrapolated from the computational prediction on the difference
between the thermal conductivity of a graphene monolayer and graphite. An
opposite conclusion of a weak effect of the interactions of perfect CNTs in a
bundle on thermal conductivity, which can be substantially enhanced by structural
defects, has been made in [149] based on the kinetic model calculations of thermal
conductivity. To clarify the question on the effect of the inter-tube coupling in
CNT bundles on the intrinsic thermal conductivity of the CNTs, a series of MD
simulations was performed in [79] for systems of one, two, and seven 160 and
300 nm long (10,10) CNTs arranged in configurations shown as insets in Fig. 5.8a.
The temperature profiles predicted in constant heat flux NEMD simulations for
the three configurations are almost identical, Fig. 5.8a, suggesting that the thermal
conductivities of individual CNTs, defined by the Fourier law, are not significantly
affected by the interactions among the CNTs. Indeed, the values of kT calculated
for CNTs in each of the three configurations coincide with each other within the
statistical error of the calculation.

The absence of any significant effect of the van der Waals inter-tube coupling
in CNT bundles on the intrinsic thermal conductivity of individual CNTs is
consistent with relatively small changes of the vibrational spectra of CNTs due to
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the inter-tube interactions and negligible contribution of inter-tube phonon modes
to the thermal conductivity of bundles [149, 150]. It also suggests that three-
phonon umklapp scattering involving phonons from neighboring CNTs does not
play any significant role in perfect bundles consisting of defect-free CNTs. The
experimental observations of the pronounced decrease of the thermal conductivity
of bundles with increasing bundle thickness [31, 145, 152], therefore, is likely to
have alternative explanations, such as the higher degree of CNT misalignment and
increased concentration of inter-tube defects, cross-links, and foreign inclusions in
larger bundles, which could result in the increase of both the phonon scattering and
inter-tube contact thermal resistance.

The second effect related to the inter-tube interactions, which has been a subject
of contradictory computational predictions, is the influence of the contact density on
the conductance of an individual contact. The results of atomistic Green’s function
calculations performed for both single and double contact junctions between (10,10)
CNTs (configurations shown in Fig. 5.4d, e) have predicted an order of magnitude
reduction of the contact conductance in a double junction with respect to an isolated
junction [21]. This dramatic reduction of inter-tube conductance in the presence
of neighboring junctions, if true, has major implications for interpretation of the
experimental data for high-density CNT materials. The results of recent NEMD
simulations performed for single and double junctions between 100 nm long (10,10)
CNTs [81], however, predict very weak sensitivity to the presence of neighboring
junctions even at the smallest distances that can be realized in real materials. The
dependence of the inter-tube conductance per junction on the junction separation
distance plotted in Fig. 5.8b indicates that the conductance across CNT–CNT
junctions is unaffected by the presence of neighboring junctions when the CNTs
creating the junctions are outside the range of direct van der Waals interaction with
each other. When junctions are created by CNTs separated by the minimum distance
(equilibrium distance between CNTs), the conductance per junction is reduced by
only �10 % with respect to an isolated CNT–CNT contact. While these results are
in a sharp contrast with predictions of [21] discussed above, they are closer to the
results of NEMD simulations reported in [80], where a somewhat stronger �20 %
reduction in conductance per junction is observed for double junctions made up of
60 nm long (6,6) CNTs separated by relatively large distances of 10 or 20 nm, but no
significant reduction in conductance is observed for neighboring junctions between
30 and 90 nm long nanotubes separated by 10 nm.

5.4 Mesoscopic Modeling of Thermal Transport in CNT
Network Materials

The results of the atomistic simulations briefly reviewed above have provided a
wealth of information on the intrinsic thermal conductivity of individual CNTs, its
dependence on defects and elastic deformation, as well as the inter-tube contact
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Fig. 5.9 Schematic representation of two descriptions of van der Waals inter-tube interactions
adopted in the bead-and-spring model [83] (a) and in the mesoscopic model with tubular potential
developed in [82, 84] (b). The right panels in (a, b) show fragments of CNT networks obtained with
the two models, as reported in [85] and [87], respectively. In (b), the CNTs are colored by local radii
of curvature, with red marking the segments adjacent to buckling kinks. Large artificial barriers
inherent for the bead-and-spring model impede relative sliding of CNTs and prohibit formation of
a network of bundles. In contrast, a network of bundles forms naturally in the dynamic simulation
performed with the tubular potential

conductance for various contact configurations. The translation of all this informa-
tion to the effective (macroscopic) thermal conductance of CNT materials, however,
is far from being straightforward and requires a clear understanding of the collective
heat transfer through thousands of nanotubes arranged into complex interconnected
network structures. The gap between the predictions of atomistic simulations and
the effective thermal transport properties of CNT materials can be bridged with the
help of emerging mesoscopic computational models [82–101] capable of describing
the collective behavior and properties of large groups of interacting nanotubes
while still retaining the critical information on the individual nanotubes and their
interactions revealed in the atomistic simulations. In this section, a brief overview
of the mesoscopic models and their ability to reproduce structural self-organization
of CNTs into continuous networks of bundles characteristic of real CNT materials
is provided first, and is followed by a discussion of the mesoscopic calculations of
thermal transport properties of the CNT network materials.

The mesoscopic models of CNT materials adopt coarse-grained representations
of nanotubes, with the dynamic degrees of freedom of the models describing
the motion of the nanotube segments composed of many atoms [82–84, 95].
Several alternative mesoscopic models proposed for CNT materials have similar
formulations of the internal parts of the mesoscopic force fields that account
for stretching, bending, and torsional deformation of individual nanotubes and
are parameterized based on the results of atomistic simulations [82, 83, 86, 87,
90, 93, 95]. The different models, however, can be clearly distinguished by the
computational approaches used for the description of the non-bonded van der Waals
inter-tube interactions.

The most straightforward approach to the description of CNT–CNT interactions
is suggested in [83] and is based on the bead-and-spring model commonly used in
simulations of polymers [147]. In this model, the van der Waals inter-tube inter-
actions are represented through the spherically symmetric pair-wise interactions
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between mesoscopic segments of the nanotubes (Fig. 5.9a). Due to the simplicity
of this approach, it has been adopted by several groups for analysis of the structure
and mechanical properties of CNT materials [89, 91–93, 96, 98, 99]. An important
drawback of this approach, however, is the existence of large artificial barriers for
relative displacements of neighboring CNTs introduced by the pair-wise interactions
between the “beads” in the bead-and-spring model [87, 95]. The presence of these
barriers casts doubt on the ability of the model to provide an adequate description
of the mechanical properties of the CNT materials and may prevent long-range
rearrangements of CNTs required for their self-assembly into continuous networks
of bundles. The latter effect can be illustrated by a snapshot from a simulation of
a layer-by-layer deposition of straight randomly oriented CNTs shown in Fig. 5.9a.
The bead-and-spring model predicts interlocking of the deposited nanotubes into
a stable layered structure of randomly oriented individual CNTs [85, 98] which,
experimentally, can only be stabilized by chemical functionalization or charging of
the CNTs [148].

More advanced descriptions of non-bonding inter-tube interactions that do not
result in the artificial corrugated inter-tube interactions have been developed and
include the distinct element method [94, 95, 97] and the mesoscopic model adopting
the tubular potential method for evaluation of the inter-tube interactions [82, 84]. As
shown in Figs. 5.9b and 5.10a, b, the same procedure of layer-by-layer deposition
of straight randomly oriented CNTs simulated with the tubular potential method
results in a spontaneous self-assembly of CNTs into a continuous network of
bundles with partial hexagonal ordering of CNTs in the bundles (Fig. 5.10b)
and structural characteristics similar to the ones observed experimentally, e.g.,
[1–11]. The structure of the simulated CNT networks can be to a large extent
controlled by parameters of the computational procedures used for the generation
of the computational samples, and can be fine-tuned to match the results of
experimental characterization. In particular, two distinct CNT structures, a CNT
film and a “forest” of vertically aligned carbon nanotubes (VACNT), produced in
mesoscopic simulations are shown in Fig. 5.10a, c along with experimental images
of corresponding structures.

The availability of the computational samples reproducing the mesoscopic
structure of real CNT materials opens up a broad range of opportunities for
investigation of the dependence of the thermal transport properties on various
material characteristics (material density, CNT type and length, density of cross-
links, pore and bungle size distributions, degree of anisotropy in CNT orientation,
etc.). First mesoscopic calculations of thermal conductivity performed for CNT
films with preferential in-plane nanotube orientation [60, 100, 101], VACNT forests,
and close-packed bundles of CNTs [79] have already provided important insights
into the mechanisms and channels of the heat transfer in CNT network materials
and are briefly discussed below.

Contrary to the conventional atomic-level MD simulations, the values of thermal
conductivity of mesoscopic samples cannot be directly obtained from the analysis
of the dynamic behavior of the coarse-grained elements of the model, and the
calculation has to rely on special rules governing the heat transfer within and
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Fig. 5.10 Structure of CNT networks generated in mesoscopic simulations and observed exper-
imentally. The experimental images of (a) buckypaper, (b) cross-section of a bundle, and (c)
VACNT forest (all composed of single-walled CNTs) are from [8], [17], and [153], respectively.
The computational images are for a CNT film consisting of 8000 200-nm-long (10,10) CNTs in
(a) and a VACNT forest composed of 20,438 2-�m-long CNTs in (c). An enlarged view of a cross-
section of a typical bundle is shown in (b). The computational samples have densities of 0.2 g/cm3

in (a) and 0.02 g/cm3 in (c), and dimensions of 0.5 � 0.5 � 0.1 �m3 in (a) and 2 � 2 � 2 �m3 in
(c). Only a 20-nm-thick slice of the sample is shown in (a)

between the individual nanotubes. The complex structure of the entangled CNT
networks introduces ambiguity in the concept of CNT–CNT contact area and calls
for the design of a “heat transfer” function that accounts for the broad range of
possible geometrical arrangements of the interacting CNT segments. As discussed
above, in Sect. 5.3, a general description of the inter-tube conductance can be
designed based on the results of atomistic simulations performed for various types of
CNT–CNT contact configurations (see Fig. 5.7). The first mesoscopic simulations,
however, were performed before the complete picture of the angular dependence
of the contact conductance had emerged from the atomistic simulations and a
simplified version of the heat transfer function [60, 79, 100, 101] that still ensured
a continuous transition between the limiting cases of the inter-tube conductance
between parallel and perpendicular CNTs was adopted in these simulations. Once
the assumptions on the intrinsic thermal conductivity of individual CNTs and the
CNT–CNT thermal conductance are made, the values of thermal conductivity of
CNT networks generated in the dynamic mesoscopic simulations can be calculated
by a method that is schematically illustrated in Fig. 5.11a. The opposing sides of a
sample generated in a mesoscopic simulation are connected to the hot and cold heat
reservoirs, the temperatures of all CNT segments located within the heat reservoirs
are fixed at T1 and T2, the temperatures of all “internal” CNTs are iteratively
calculated from the balance of incoming and outgoing heat fluxes in each CNT or,
in general, based on the solution of a system of one-dimensional heat conduction
equations describing the heat propagation along nanotubes and energy exchange
between them. Once the steady-state distribution of temperature is obtained, the
heat flux Q through the sample can be determined, and the value of the effective
thermal conductivity k of the CNT sample can be calculated from the Fourier law.

The results of the mesoscopic calculations of in-plane and out-of-plane conduc-
tivities of CNT films with preferential in-plane orientation of nanotubes arranged
into continuous networks of bundles are shown in Fig. 5.11b. A striking result
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Fig. 5.11 Schematic of the method used in the calculation of thermal conductivity of CNT
materials (a) and the values of the thermal conductivity predicted in simulations performed for
systems composed of (10,10) CNTs of various length LT and fixed material density of 0.2 g cm–3

[100]. The nanotubes in (a) are colored by their temperature and only a slice of the material with
thicknesses of 50 nm is shown. The symbols in (b) show the results of the mesoscopic calculations,
with red squares and blue triangles corresponding to the in-plane and out-of-plane conductivities of
the anisotropic networks. The dashed line in (b) shows the prediction of an analytical scaling law
obtained for a random distribution of straight CNTs (Eq. (5.1)) and discussed below, in Sect. 5.5

of these calculations is the large difference (more than two orders of magnitude)
between the values of thermal conductivity predicted for the two directions in
the material. The thermal conductivity within the plane of preferred orientation
of CNTs, knetwork

xx , increases from 0.8 to 205 Wm�1 K�1 as the length of CNTs
increases from 100 nm to 1 �m, whereas the conductivity perpendicular to the plane,
knetwork

zz , increases from 0.01 to 0.04 Wm�1 K�1 within the same range of nanotube
lengths. The strong structural dependence of the thermal conductivity predicted in
the simulations provides a clue for explaining the large variability of experimental
data on thermal conductivity reported in literature, with values measured for various
CNT materials ranging from �0.02 to �1000 Wm�1 K�1 [14, 15, 21–34]. At
the same time, the anisotropy of heat conduction and different scaling of the in-
plane and out-of-plane conductivities with the CNT length, knetwork

xx / L2:2
T and

knetwork
zz / L0:59

T , support the feasibility of designing CNT-based materials capable of
controlling and directing the heat flow along a desired path in thermal management
applications.

The mesoscopic simulations discussed above and illustrated in Fig. 5.11 are done
under assumption of a negligible contribution of the intrinsic thermal resistance of
CNTs to the effective thermal resistance of a CNT material, which is thought to
be largely defined by the inter-tube contact resistance. This assumption, commonly
made in theoretical studies of heat transfer in CNT materials, e.g., [21, 72, 100],
was critically evaluated in recent mesoscopic simulations that accounted for the
finite intrinsic thermal conductivity of CNTs [101]. The results of the simulations,
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Fig. 5.12 Thermal conductivity of continuous networks of CNT bundles generated in mesoscopic
simulations (a) and samples composed of straight randomly distributed CNTs (b) predicted for
different values of intrinsic CNT conductivity kT , nanotube length LT , and material density � [101].
The material density of all networks in (a) is 0.2 g cm–3. The solid and dashed lines in (b) show
the predictions of Eq. (5.2) for kT D 2000 Wm–1 K–1 and kT D 1, respectively, and a constant
value of inter-tube conductance of �c D 5 � 10�11 WK–1. The red and green circles mark the
validity limit of the quadratic scaling of the conductivity with LT as the system is approaching the
percolation threshold

illustrated in Fig. 5.12a, have revealed an unexpectedly strong contribution of
the intrinsic thermal resistance of CNTs that is found to make the dominant
contribution to the effective thermal resistance of materials composed of CNTs that
are longer than several hundreds of nanometers. Even for a relatively high intrinsic
conductivity kT D 2000 Wm�1 K�1 (see Table 5.1) and LT D 1 �m, the value of the
effective conductivity of the CNT network is �3.5 times smaller than that predicted
under assumption of negligible contribution of the intrinsic thermal resistance of
CNTs, i.e., kT D 1. Further increase of the length of the nanotubes with finite
values of kT results in the saturation of the thermal conductivity of the materials at a
level that is defined by the volume fraction of nanotubes (or density of the material).
The physical origin of the strong effect of the intrinsic thermal resistance of the
CNTs is explained by a theoretical analysis that provides scaling laws for thermal
conductivity of samples composed of randomly dispersed straight CNTs [101]. The
results of this analysis are illustrated in Fig. 5.12b and discussed in Sect. 5.5.

The effect of the intrinsic thermal resistance of the CNTs on the effective
conductivity of CNT network materials can be amplified by the contributions
from various structural defects and elastic deformation of CNTs. As discussed in
Sect. 5.2 and illustrated in Fig. 5.3, the results of atomistic simulations reveal a
substantial increase of the thermal resistance of nanotubes undergoing mechanical
deformation and buckling. Mesoscopic modeling provides opportunities to translate
the predictions of the atomistic simulations to the effective conductivity of CNT-
based materials. In particular, the implications of the finite thermal conductance
of the buckling kinks on the conductivity of CNT-based materials have been



5 Computational Studies of Thermal Transport Properties of Carbon. . . 149

investigated in mesoscopic calculations performed for films composed of thousands
of CNTs arranged into continuous networks of bundles [60]. The mesoscopic
calculations predict a substantial contribution of the angular-dependent thermal
resistance of the buckling kinks to the thermal conductivity of CNT-based materials,
which is amplified by the preferential buckling of thin bundles and individual CNTs
serving as interconnections between thicker bundles in the network structures. The
total heat flux passing through the CNTs that are parts of the interconnections is, on
average, higher than in other parts of the network structures. Consequently, the high
concentration of the buckling kinks in interconnects results in a stronger impact of
the buckling on the overall thermal conductivity of the films.

A recent series of calculations performed for VACNT “forests” consisting of
2 �m long (10,10) CNTs also predict a noticeable, up to 15 %, reduction of the
thermal conductivity in the direction of the preferential orientation of nanotubes
when the thermal resistance of the buckling kinks is accounted for in the calcula-
tions. The corresponding change in the heat flux along the nanotubes is illustrated
in Fig. 5.13 for one of the simulated VACNT samples. Note that the sample used
in these calculations is fully relaxed and all buckling kinks appear as a result
of spontaneous self-organization of individual CNTs into bundles. The number
of the buckling kinks can be expected to increase dramatically in the course of
mechanical deformation, when the collective buckling is known to occur in response
to compressive loading, e.g., [151, 154]. While the onset of collective buckling is
likely to lead to a substantial drop in the effective thermal conductivity of the CNT
material, the extent of this drop is defined by complex redistribution of the heat flux
in response to the appearance of new “thermal resistors” and cannot be evaluated
simply based on the average density of the buckling kinks. The mesoscopic
modeling of heat transfer provides a unique opportunity for investigation of the
changing pathways of the heat flow in CNT materials undergoing mechanical
deformation.

5.5 Derivation of Scaling Laws and Monte Carlo Simulations

The results of the mesoscopic simulations discussed above can be related to
theoretical models for thermal and electrical conductivity of nanofibrous materials
[72, 100–114]. While different in details, these models are based on assumptions of
straight dispersed nanotubes with point inter-tube contacts responsible for the heat
exchange between CNTs. As a result, these models are not capable of quantitative
description of the heat transport in continuous networks of CNTs, where the
nanotubes are arranged into bundles and the interconnections between bundles are
playing a prominent role. Nevertheless, the theoretical analysis performed with
simplified models can be used for revealing the basic scaling laws with respect
to key material parameters and can provide general guidance for designing CNT
materials with improved thermal transport properties.
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Fig. 5.13 The steady-state heat flux along the nanotubes obtained in the calculations of thermal
conductivity of a VACNT sample consisting of 20,438 2-�m-long (10,10) CNTs. The same
intrinsic thermal conductivity of 2000 Wm–1 K–1 is assumed for buckling-free CNTs in both
calculations. The thermal resistance of buckling kinks is neglected in the calculation illustrated
in (a) and is accounted for in (b). The values of the effective thermal conductivity of the VACNT
sample predicted in the two calculations are 16.4 and 13.9 Wm–1 K–1, respectively

The capabilities and limitations of the theoretical approach to the analysis of
the heat transfer in CNT network materials can be illustrated by the results of a
recent study where a three-dimensional (3D) system composed of straight randomly
dispersed nanotubes of length LT and radius RT is considered [100]. In this work,
the derivation of the effective thermal conductivity of the CNT network is based on
the ensemble averaging over configurational space performed under assumption of
homogeneous and isotropic distribution of individual nanotubes in a system where
a fixed temperature gradient is established. With an additional assumption of the
dominant contribution of the inter-tube thermal contact resistance to the effective
thermal resistance of the material (i.e., the intrinsic thermal resistance of CNTs
is neglected and individual CNTs are considered to be isothermal), the following
theoretical equation can be obtained:

k3D D �c

RT

�n2
V

36

�
1 C 16RT C 80R

2

T C 192R
3

T C 153:6R
4

T

�
; (5.1)

where nV D nVL2
TRT is the dimensionless density parameter, nV is the volume

number density of CNTs in the sample, RT is the ratio of CNT radius RT to its
length LT , RT D RT=LT , and � c is the inter-tube contact conductance (different
from �T used in the discussion of inter-tube conductance per unit length for parallel
CNTs in Sect. 5.3).

Since the material mass density, �, is proportional to nVLT , Eq. (5.1) predicts a
quadratic dependence of the thermal conductivity on both � and LT , k3D / �2L2

T .
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This scaling law is in agreement with the results of Monte Carlo simulations of the
electrical conductivity of 3D percolating networks dominated by contact resistance
[102], where the quadratic scaling with density was observed. The scaling law
k3D / �2L2

T is also consistent with the results of a theoretical analysis of 3D
systems of high aspect ratio rod-like particles [107, 108], which reveals the quadratic
dependence on both rod length and density in the limit of dense systems. Recently,
the quadratic scaling of thermal conductivity of the CNT films with material density
was confirmed experimentally [113].

It is instructive to compare the predictions of the scaling law derived for
randomly arranged straight CNTs and given by Eq. (5.1) with the results of
the mesoscopic simulations performed for continuous networks of intertwined
CNT bundles and discussed in Sect. 5.4. The results obtained for systems of
(10,10) CNTs with the same material density of 0.2 g cm�3 and the value of
contact conductance between the nanotubes crossing each other at a 90ı angle,
�c D 5 � 10�11 WK�1, used in Eq. (5.1) are shown in Fig. 5.11b. Although the
quadratic dependence on LT predicted by Eq. (5.1) is similar to the super-quadratic
dependence knetwork

xx / L2:2
T observed for the random networks of CNT bundles

produced in the mesoscopic simulations, the values of thermal conductivity in the
networks of bundles significantly, by more than an order of magnitude, exceed
the values predicted for the random arrangements of individual nanotubes. This
difference can be attributed to the bundle structure of the CNT networks [100]. The
tight arrangements of CNTs in the bundles result in a larger CNT–CNT contact area
as compared to the random arrangements of CNTs assumed in the derivations of Eq.
(5.1). Thus, we can conclude that while the model of straight individual nanotubes
is commonly used in interpretation of the results of experimental measurements, the
thermal conductivity of real nanotube materials is likely to be strongly enhanced
by self-organization of CNTs into continuous networks of bundles. The design
of the analytical description (scaling laws) capable of accounting for the realistic
structure of real CNT materials is an outstanding challenge on the way of providing
an adequate quantitative description of the thermal transport properties of CNT
materials.

The validity of the assumption of negligible effect of the intrinsic thermal
resistance of CNTs on the effective conductivity of CNT network materials is
evaluated in a recent study [101] where the simplification of isothermal nanotubes is
relaxed and the temperature distributions along individual nanotubes are calculated
by solving one-dimensional heat conduction equations along every CNTs and
accounting for both the intrinsic thermal conductivity and the heat exchange with
surrounding nanotubes. In this case, the evaluation of thermal conductivity within
the theoretical framework similar to that used in [100] for isothermal nanotubes
results in the following equation:

k
0

3D D k3D

1 C Bic hNJi =12
D k3D

1 C BiT=12
; (5.2)
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where k3D is the thermal conductivity of the CNT network at kT D 1, given by
Eq. (5.1), BiT D Bic hNJi D �c hNJi LT= .kTAT/ is a dimensionless parameter, hNJi
is the ensemble-averaged number of thermal contacts per CNT, and AT is the cross-
sectional area of a CNT. The parameter BiT is defined by the ratio of the total
contact conductance � chNJi of a nanotube at all contacts it has with other CNTs
to the intrinsic conductance of the nanotube, kTAT /LT , and can be referred to as
a Biot number for a nanotube. Similarly to the conventional definition of the Biot
number in heat transfer analysis, the value of BiT can be used as a measure of non-
isothermal distribution of temperature in an individual nanotube. The value of BiT ,
which increases with increasing material density and LT , can be fairly large for real
materials even if the ratio of the conductance in a single contact to the intrinsic
conductance of the CNT, � cLT /(kTAT ), is small.

The predictions of Eq. (5.2) are illustrated in Fig. 5.12b, where the solid curves
show the dependence of k

0

3D on LT , for 3D samples composed of randomly oriented
and distributed (10,10) CNTs for three values of material density ¡, typical of the
CNT films and buckypaper. At small LT , k

0

3D practically coincides with k3D (dashed
curves in Fig. 5.12b) and scales quadratically with both � and LT . An increase of LT

at a fixed ¡ also increases BiT and results in the deviation of k
0

3D from k3D as BiT
approaches and exceeds unity. In the limit of infinitely large BiT , the conductivity
approaches an asymptotic value that is independent of LT and linearly proportional
to ¡. Somewhat unexpectedly, the transition between the two limiting scaling laws,
k / �2L2

T at BiT D 0 and k / � at BiT ! 1 is observed for relatively short
CNTs, on the order of hundreds of nanometers. The theoretical predictions given
in Eq. (5.2) are consistent with the results of mesoscopic simulations discussed in
Sect. 5.4 and illustrated in Fig. 5.12a. Thus, contrary to the common assumption of
the dominant effect of the contact conductance, we can conclude that the intrinsic
CNT conductivity, rather than contact conductance, is defining the overall thermal
conductivity of CNT materials composed of nanotubes with the characteristic length
on the order of micrometers or longer.

5.6 Concluding Remarks

The complexity of structural organization of CNT network materials is presenting a
challenge for predictive modeling of their thermal transport properties and calls for
a tightly integrated multiscale computational approach to this challenging problem.
The applications of well-established atomistic simulation techniques and emerging
mesoscopic models to the investigation of various aspects the heat transport in
CNT materials have already resulted in a substantial progress in the fundamental
understanding of the mechanisms and pathways of the heat transfer in different types
of CNT materials. The results of atomistic simulations, in particular, have clarified
a number of questions related to the heat transfer in individual CNTs and CNT–
CNT heat conduction. The length dependence of the intrinsic thermal conductivity
of CNTs, the conditions defining the transition from ballistic to diffusive phonon
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transport regimes, the effect of the structural defects and various modes of elastic
and inelastic deformation on the conductivity of CNTs are among the questions
that have been addressed in atomistic simulations of individual nanotubes and
briefly reviewed in Sect. 5.2. The atomistic simulations of two or more interacting
nanotubes have also been performed and provided important information on the
inter-tube contact conductance, its dependence on the contact area, geometrical
characteristics of the contact, as well as proximity of other contacts. A number
of research questions related to the inter-tube conductance, including the ones that
have been subjects of contradictory claims and controversial discussion in literature,
are critically reviewed in Sect. 5.3. The results of mesoscopic modeling of the
collective heat transfer by thousands of CNTs arranged into interconnected networks
of bundles are reviewed in Sect. 5.4. While the development of mesoscopic models
is still at the very early stage and many challenging technical issues still remain to be
resolved, the first results of mesoscopic calculations are promising and demonstrate
the ability of mesoscopic models to provide a bridge between the insights obtained
in the atomistic simulations and the effective thermal conductance of CNT materials.
Moreover, some of the predictions of the mesoscopic simulations, such as the
strong (more than an order of magnitude) enhancement of the heat transfer in
CNT materials due to the self-organization of CNTs into continuous networks of
bundles or the dominant contribution of the intrinsic thermal resistance of CNTs
to the effective thermal resistance of CNT materials composed of nanotubes that
are longer than several hundreds of nanometers, are rather unexpected and make a
strong impact on interpretation of experimental observations.

An apparent conclusion emerging from the overview of the computational results
presented in this chapter is the one on the critical importance of combining the
results obtained by different methods and dealing with processes occurring at
different time and length scales into a well-integrated multiscale physical model of
the heat transfer in CNT materials. In particular, the results of atomistic simulations
can be used to design a reliable description of the inter-tube conductance suitable
for incorporation into mesoscopic models which, in turn, can yield the information
on the structural dependence of the thermal transport properties and stimulate the
development of advanced theoretical models. Further insights obtained in atomistic
studies of the effects of cross-links, polymer wrapping, or metal coating on the
intrinsic conductivity of CNTs and the inter-tube conductance can be incorporated
into the mesoscopic models and used for the exploration of the space of the material
design parameters and optimization of the thermal transport properties of CNT
network materials. Moreover, the dynamic nature of the mesoscopic models opens
up opportunities for investigation of the effect of mechanical deformation on thermal
conductivity of CNT materials. Mesoscopic simulations can be used for evaluation
of the changing pathways of the heat flow in materials undergoing mechanical
deformation as well as the thermal transport signatures of critical events, such as the
onset of coordinated buckling and local failure, leading to an improved understand-
ing of the performance of CNT-based thermal interface materials under conditions
when large deformations are introduced by the requirements of compliance with
complex geometrical shapes of heat sinks and sources in microelectronic devices.
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On the side of the theoretical analysis of the general structure—thermal transport
properties relationships, one critical challenge is to go beyond the assumption of
randomly dispersed straight nanotubes and to design analytical descriptions capable
of connecting the structural characteristics of real CNT materials (material density,
CNT type and length, density of cross-links, pore and bungle size distributions)
to the thermal transport properties. The ability of the mesoscopic simulations to
reproduce realistic structures of various CNT materials (aerogels, films, forests,
and fibers) is likely to play an important role in the design and verification of the
advanced theoretical models.
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